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Abstract
Metallic structures in many engineering disciplines are subject to repeated and ex-
treme thermomechanical loading conditions. The conventional design of these types
of structures, that are not limited by high-cycle fatigue, employs first-yield criteria
in order to avoid failure due to cyclic plasticity. However, yield-limited designs often
fail to produce acceptable solutions for multifunctional structures in extreme envi-
ronments. In order to overcome these limitations and capitalize on the elastoplastic
load-bearing reserve, this dissertation analytically, numerically, and experimentally
demonstrates inelastic design methods that exploit shakedown for metallic structures.
Several analytic and numerical case studies are presented that are relevant to aerospace
and civil engineering applications. These include built-in beam structures, auxetics,
and reinforced concrete structures. Experimentally, new macroscopic demonstra-
tions of shakedown behavior and shakedown design (avoiding alternating plasticity
and ratchetting) at ambient and elevated temperatures are made for two common en-
gineering materials: the nickel-based superalloy IN625 and stainless steel 316L. The
results indicate that allowing shakedown can significantly expand the feasible design
space (2-4 times) compared to conventional first-yield. It is found that interactions
with other material and structural behaviors such as dynamic strain aging, creep,
and buckling can have both propitious and detrimental effects on the macroscopic
shakedown response. In this way, this dissertation serves to promote more wide-
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spread adoption of shakedown-based analysis in realizing new structural concepts
and accurately assessing the structural integrity of existing components.
2
Chapter 1
Introduction
Metallic structures in many industrial sectors, including nuclear, aerospace and au-
tomotive, are often subject to extreme loading conditions that involve cyclic thermal
and mechanical interactions. In such cases, and for structures that are not limited by
high-cycle fatigue, conventional thermostructural design remains within the elastic
domain. However, yield-limited designs often fail to produce acceptable solutions
for multifunctional structures in extreme environments. Most notably, designs for
high-temperature structures based purely on elasticity lead to bulky structures that
are unsuitable for weight-critical applications such as high-speed aircraft that expe-
rience significant aerothermal heating. As a second example, components in nuclear
power plants are often subject to thermomechanical loads that were not anticipated
in the design process, and subsequent elastic analyses of structural integrity can
lead to overly conservative, costly retirements that are wholly unnecessary. To over-
come these limitations and capitalize on the elastoplastic load-bearing reserve, this
dissertation analytically, numerically, and experimentally demonstrates inelastic de-
sign methods that exploit macroscopic shakedown for metallic structures subject to
repeated thermomechanical loading conditions.
For materials and structures that exhibit time-independent behavior, shakedown
3
design theorems have found their most extensive application in the nuclear pres-
sure vessel industry to delineate the boundaries between shakedown, cyclic plastic
straining (alternating plasticity) and ratchetting [1–5]. These theorems have replaced
traditional yield-limited assessments of structural integrity and are used widely in
the design process to evaluate a structure’s response to unanticipated thermome-
chanical loads. The operational space is extended by allowing shakedown to occur,
whereby stresses locally exceed the yield strength of a material in the first few cycles
of load and thereafter, fully elastic response is recovered. The range of possible struc-
tural responses is most often illustrated through the use of a Bree load-interaction
diagram, which indicates combinations of loads (often thermal and mechanical) that
lead to various cyclic material and structural behaviors [1, 6]. Figure 1 illustrates the
classic Bree diagram for a thin-walled cylinder (with a radius, R and thickness, t),
subjected to a fixed internal pressure, P , and a cyclic radial temperature difference,
∆T . The ordinate is ∆T/∆To where ∆To is the temperature difference required
for yield initiation in the absence of a mechanical load (∆To = 2 (1− ν)σo/Eα); the
abscissa is P/Po with Po being the pressure that causes yielding in the absence of a
temperature gradient (Po = PR/t) where σo is the yield strength, E is the Young’s
modulus and α is the coefficient of thermal expansion (CTE). Note that here material
nonlinearities associated with temperature-dependent properties are not accounted
for and only small deformations are considered [7–11].
For this configuration, the elastic domain is defined by P/Po + ∆T/∆To < 1.
At one extreme, wherein P/Po > 1, plastic collapse occurs on the first load cycle,
i.e. the thin wall experiences complete yielding. For intermediate combinations of
P and ∆T, one of three behaviors is obtained (Figure 1.1) [7]. (i) In the shakedown
regime, localized plastic deformation that occurs in the early stages of cycling gives
rise to residual stresses that prevent plastic deformation in subsequent cycles. The
consequence is purely elastic behavior during long term cycling, which could dra-
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Figure 1.1: Bree interaction diagram for the benchmark problem of a thin-walled cylinder
and schematics of the resultant cyclic elastoplastic behaviors [1].
matically increase lifetimes. (ii) Alternating plasticity results from loading beyond
the shakedown limit. Here the plastic strain increment obtained during the first half
of each loading cycle is followed by a plastic strain increment of equal magnitude
but opposite sign during the second half. No net strain accrues during each cycle
but the structure ultimately fails by low-cycle fatigue. (iii) Ratchetting refers to the
condition in which a net increment of plastic strain accumulates during each cycle,
eventually causing rupture.
These safe (elastic, shakedown) and inadmissible (ratchetting, alternating pal-
sticity) cyclic elastoplastic behaviors may occur due to material and/or structural
effects. Material ratchetting and structural rathetting under cyclic loading conditions
are defined by Hubel [12, 13]. Hence, it is worthwhile to distinguish between material
shakedown and structural shakedown in a similar way. Material shakedown occurs
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in the presence of homogeneous stress distributions and by the hardening of a metal
during plastic deformation. The yield surface of the material evolves (expands, trans-
lates and deforms) during initial load cycles and macroscopic shakedown occurs when
subsequent stresses upon cycling stay within the yield surface. Structural shakedown
occurs when non-homogeneous stress distributions exist in the structure. Structural
shakedown can be obtained even when an elastic-perfectly plastic material behavior
is assumed. An example of this is the classic work by Bree on thin-walled cylinders
(Figure 1.1) [1]. In this dissertation, both structural and material shakedown will be
considered.
Shakedown-based design methods have been implemented in the design codes for
pressure vessels of nuclear power plants [2, 3]. In addition to nuclear engineering,
shakedown-based designs have been used for tribology, multilayer semiconductor
materials, pavement, and shape memory alloy components [14–17]. However, there
are numerous applications that are not limited by high cycle fatigue, for which the
potential benefit of shakedown-based designs remain unexplored or under-utilized.
For example, combustor liners for hypersonic flight, as well as some automotive, gas
turbine, and construction applications.
Determination of shakedown limits is the key component of developing shake-
down based designs. This can be achieved analytically, numerically and experimen-
tally. Analytical methods to identify shakedown limits typically utilize shakedown
theorems that are classified in two main approaches, lower bound and upper bound
theorems. Both approaches aim to determine the shakedown limit of a structure
within a variable loading domain. The lower bound shakedown theorem (also called
Melan’s theorem) states that “if a self-equilibrating, time-independent residual stress
field can be found that remains within the yield limit when combined with any fic-
titions elastic stress in a loading domain, the structure will shakedown” [18]. The
upper bound theorem states that a structure will shakedown if the energy dissipated
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by the plastic deformation is greater than or equal to the work done by the external
loads within a cycle [18]. The original shakedown theorems assume small displace-
ments and elastic-perfectly-plastic material behavior, but they have been extended
for many conditions, including hardening, creep and temperature-dependent material
properties [19–21]. Implementation of Melan’s theorem in shakedown limit determi-
nation has also been studied by many researchers. The reader is referred to a review
article by Weichert and Ponter for a full historical evolution of shakedown theory
[21]. The advantage of the conservative lower bound shakedown theorem is that it
requires only a linear elastic solution; the full loading history is not required to de-
termine shakedown limits. As a conservative approach, this dissertation adopts the
lower bound shakedown theorem. It will be further explained and used to develop
an analytical shakedown limit in Chapter 2, Section 2.1.1 for a simple built-in beam
relevant for some aerospace applications. Note that the upper bound shakedown
theorem is not within the scope of this dissertation and will not be discussed further.
While analytical solutions implementing these theorems are available for some
simple structures, typically numerical methods are required, especially when geo-
metric and material nonlinearities are present. In such cases, shakedown limit deter-
mination is most often achieved via finite element analysis (FEA) and optimization
techniques [22, 23]. Numerical approaches for shakedown limit determination that
employ the lower or upper bound theorems are termed “Direct Methods”. In con-
trast, the “classical load history approach” follows the incremental or step-by-step
evolution of a system and finds the actual residual stress field that would result from
the actual loading history that is deterministically known. It should be noted that
“step-by-step” approaches and “direct methods” are not competing methods, but
rather complementary as each provides different information and they often have
separate domains of applicability. For example, direct methods are useful when
the exact loading history is unknown and they avoid cumbersome incremental load-
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history based calculations. In contrast, load-history-based approaches provide the
evolution of local quantities that are often critical to lifetime analysis. In this dis-
sertation, step-by-step numerical analysis is also used to demonstrate shakedown
behavior and find limits for several test case structures in Chapter 2: built-in beams,
reinforced concrete structures, and auxetic structures.
Experimental demonstrations of shakedown behavior and validation of analyt-
ical and numerical methods are essential in order to convince designers to adopt
shakedown-based approaches. However, experimental shakedown studies of engi-
neering materials and structures available in the open literature are very limited. To
date there is a shortage of tests involving cyclic, mechanical or thermomechanical
loads performed to investigate shakedown limits [24–29]. The current state-of-the
art uses servohydraulic axial or axial-torsional testing rigs with or without induc-
tion heating to determine the shakedown behavior of hollow cylindrical samples or
multi-bar systems.
For example, Heitzer et al. used an INSTRON 1343 test rig to test thick-walled
cylindrical samples commonly used in the nuclear industry [25]. To demonstrate
shakedown behavior, the authors applied a constant torque and a cyclic axial load. As
multiaxial loading causes a non-homogeneous stress distribution through the thick-
ness of a thick-walled cylinder, the tests induce simple structural shakedown. An
INSTRON extensometer was used to monitor strains and the torsional angle was
recorded. Several experiments with various combinations of the axial and torsional
loads were tested to identify combinations that resulted in shakedown (manifested
by the stabilization of the torsional angle with the cyclic alternating axial force)
or inadmissible ratchetting behavior (the torsional angle increased in an unbounded
manner despite the constant moment loading). Building on this existing work, Chap-
ter 3 presents new experimental demonstrations of macroscopic uniaxial shakedown
behavior for two common engineering materials: 316L stainless steel (Section 3.3)
8
and a nickel-based superalloy, Inconel 625 (Section 3.4).
In summary, this dissertation presents analytic, numerical, and experimental
shakedown studies that are relevant to aerospace and civil engineering applications.
The first combined analytical and numerical shakedown design study of thin-walled
structures where interactions with thermal buckling are considered is presented in
Chapter 2. In Chapter 3, cyclic uniaxial experiments with constant mean stress
and variable stress amplitudes are employed to demonstrate macroscopic shakedown
behavior of stainless steel 316L and Inconel 625 at ambient and 600oC. Both con-
tact and non-contact measurement techniques are employed to distinguish shakedown
from inadmissible behaviors in the presence of time and rate-dependent effects (creep
and dynamic strain aging). Additional experiments are performed in order to provide
inputs for constitutive models for cyclic plasticity simulations. In Chapter 4, simu-
lations of the ambient cyclic inelastic behavior of stainless steel 316L are presented
and compared to the experimental results in Chapter 3.
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Chapter 2
Case studies of elastoplastic
shakedown design for structures
In this chapter, several case studies are used to demonstrate analytical and numerical
shakedown analysis. These studies highlight potential lightweighting, robustness, and
durability benefits from shakedown design for structures relevant to aerospace and
civil engineering. The structures investigated in this section are subject to cyclic
thermomechanical loading conditions. In particular, in all of the case studies either
the mechanical load is kept constant during thermal cycles or the mechanical load is
cycled while a constant thermal load/distribution is maintained.
Section 2.1 considers a simplified built-in beam that is relevant for aerospace ap-
plications, including combustor liners for hypersonic flight and stiffeners for exhaust-
washed structures on high-speed aircraft (Figure 2.1). The beam is subject to a
constant distributed load and a cyclic uniform thermal load. In Section 2.1.1, shake-
down limit determination for this structure is first performed analytically under the
simplifying assumptions of small displacements and no interaction between thermal
and mechanical effects. In Section 2.1.2, the problem is reconsidered by allowing
for nonlinear geometrical effects and thermomechanical coupling using step-by-step
10
finite element analysis. Perforated auxetic structures with negative Poisson’s ratio
have recently been shown to have excellent low cycle fatigue performance when in-
corporated in gas turbines where film cooling is needed. Based on these results, in
Section 2.2, the shakedown behavior of similar perforated sheets is explored under a
cyclic uniaxial mechanical load and a uniform steady temperature. Finally, a civil
engineering application is considered in Section 2.3 that investigates shakedown ben-
efits in the design and analysis of reinforced concrete structures for resilience under
fire events.
2.1 Case Study I: Built-in beam structure
for aerospace applications
For aerospace applications, beams and plates are common idealized thin-walled struc-
tures that are relevant for aerothermally heated and mechanically loaded aircraft sur-
faces (Figure 2.1) [30–32]. These include cooling channels in rocket nozzles, structural
components in hypersonic vehicles, and stiffeners for exhaust-washed structures in
highspeed aircraft. The elastoplastic design of beams and plates has been treated in
previous analytical, numerical and experimental work [33–46] focusing on variable
section thicknesses [35] and beams under axial loads, bending moments and trans-
verse temperature distributions with hardening and damage [42]. However, additively
manufactured systems enable new types of thin walled designs, raising fundamental
design questions relating to the coupling between aspect ratios, temperature changes
and cyclic plasticity. For example, additive manufacturing will push designs in thin-
walled limits to capitalize on improved heat transfer associated with tortuous cooling
channels (Figure 2.1). These and many other applications that are not limited by
high cycle fatigue are designed to avoid cyclic plasticity, i.e. fall in the shakedown
regime.
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ChannelFin
Wall
Figure 2.1: Regenerative cooling structure of a liquid-propellant rocket nozzle.
The thin-walled structure shown in Figure 2.1 is modeled as a built-in beam (Fig-
ure 2.2). Clamped boundary conditions are assumed such that the ends of the beam
are constrained from translation and rotation. The structure is analyzed under a
thermomechanical load shown in Figure 2.2b. The loading conditions consist of a
steady and uniform distributed load (P ) and a uniform temperature cycling on the
entire beam. Material properties representative of Inconel 718 nickel-based superal-
loys at an elevated reference temperature of approximately 600◦C (E = 171 GPa,
σo = 1020 MPa, α = 14.4 × 10−6 1/◦C) are used assuming elastic-perfectly plastic
behavior.
2.1.1 Case Study I-a: Built-in beam structure
assuming small displacements
For preliminary design purposes, in this section analytical limits for shakedown are
developed. The idealized thermostructural component depicted in Figure 2.2 is first
analyzed assuming plane stress and neglecting shear.
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Figure 2.2: a) Schematic illustration of cooling channels in rocket nozzles and structural
components in hypersonic vehicles, motivating the present study. b) Idealized structure and
loading used to map cyclic plasticity responses.
Elastic Solution and First-yield
Under the loading and boundary conditions, the distribution of mechanical stress in
the beam, σxx(x, y), can be found from the relationship between the pressure loading,
P (per unit depth, Z), and beam deflection, u, (d4u/dx4 = P/EI) [47]. Elasticity
subject to the usual beam approximations yields:
σxx = −Py
2t3
(
12x2 − L2)− Eα∆T. (2.1)
From Eq. 2.1, the onset of plastic yielding occurs at x = ±L/2 and is given by:
PL2
t2
+ 2Eα∆T = 2σo. (2.2)
Extension of this plane stress small deformation analysis to i) pinned boundary
conditions and ii) plane strain assumptions for both pinned and clamped conditions
is presented in Appendices A.1 and A.2.
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Shakedown Limit
In order to analytically determine the shakedown limit, the use of lower or upper
bound shakedown theorems is required [18, 48]. For this work, a conservative ap-
proach using Melan’s classical lower bound theorem is utilized, which assumes small
strain theory and an elastic-perfectly-plastic material model. Although not used
here, it should be emphasized that Melan’s original theorem has been extended for
many conditions, including hardening, creep and temperature-dependent material
properties [19–21]. Melan’s original theorem considers a solid body, R, subjected to
a displacement boundary condition on part of it’s boundary, ∂1R, and the remainder
of the boundary, ∂2R, is subjected to a prescribed cycle of traction. The theorem
states that “a solid is guaranteed to shake down if any time independent residual
stress field, ρ¯ij, can be found which satisfies i) the equilibrium equation ∂ρ¯ij/∂xj = 0;
ii) the boundary conditions ρ¯ijnj = 0 on ∂2R, where n is a unit vector normal to
the boundary ∂2R; and iii) when the residual stress is combined with the fictitious
elastic solution, the combined stress does not exceed yield f(σεij + ρ¯ij) ≤ 0 at any
time during the cycle of load” [49, 50].
A schematic illustrating the use of Melan’s lower bound theorem is presented
in Figure 2.3 for the built-in beam structure. Figure 2.3 displays stress distribu-
tions at the critical beam end cross-sections (x = ±L/2). In these schematics, solid
lines show the yield stress, σo, in tension and compression. In Figure 2.3a, potential
elastic stresses resulting from the uniform pressure load only are shown. In Figure
2.3b, compressive thermal stresses are added to the mechanical-only stresses (as-
suming purely elastic response). The resulting stress level is shaded for combined
thermomechanical loading. The fictitious portion is indicated with a dashed line.
This stress state is fictitious because it exceeds the yield stress. In Figure 2.3c, a
potential residual stress field, ρ¯ij, satisfying Melan’s theorem for shakedown is found
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Figure 2.3: Shakedown determination at critical cross-sections at x = ±L/2 with schematic
stress distributions for different loading cases. a) The elastic stress distribution due to
mechanical loading only. b) The fictitious elastic stress distribution due to combined ther-
momechanical loading. c) A potential residual stress field (ρ¯ij) upon thermal loading. d)
The residual stress distribution (ρ¯ij) upon thermally unloading, required for shakedown to
occur.
using this fictitious elastic stress state upon thermal loading. The potential residual
stress field is the stress necessary to return the maximum (absolute value) fictitious
thermomechanical stress to the yield limit:
σxx(±L
2
,
t
2
) = −PL
2
2t2
− Eα∆T + ρ¯ij = −σo, (2.3)
giving,
ρ¯ij =
PL2
2t2
+ Eα∆T − σo. (2.4)
The combined fictitious portion of the thermomechanical stress level (dashed
line), and the residual stress field, ρ¯ij, are shown in Figure 2.3d. In order to satisfy
Melan’s theorem, the conditions must be met at all points of the loading cycle shown
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in Figure 2.2b, including unloading. To determine whether this potential residual
stress field satisfies Melan’s theorem for all portions of the loading cycle, conditions
at the other loading extreme (unloading) are also checked. The shakedown limit load
(corresponding to the maximum allowable ∆T ) is determined by the case where the
residual stress field brings the point at x = ±L/2 and y = −t/2 to the yield limit in
tension upon thermally unloading. Upon thermally unloading, the stress distribution
at the other critical location x = ±L/2 and y = −t/2 is:
σxx(±L
2
,
−t
2
) =
PL2
2t2
+ ρ¯ij, (2.5)
or, substituting Eq. (2.4) for ρ¯ij:
σxx(±L
2
,
−t
2
) =
PL2
2t2
+
PL2
2t2
+ Eα∆T − σo. (2.6)
Again, to solve for the shakedown limit load, the stress at x = ±L/2 and y = −t/2
should just reach yield in tension when thermally unloading, i.e. PL2/t2 +Eα∆T −
σo = σo or, rearranging:
PL2
t2
+ Eα∆T = 2σo. (2.7)
Analytical Bree load interaction diagram (small displacements)
Elastic and shakedown limits determined using the direct analytical method are given
in Figure 2.4. In this figure the normalized pressure load, P/Po is shown along the
ordinate; Po is the uniform pressure magnitude that would initiate yielding of the
built-in beam in the absence of the thermal load. The normalized thermal load,
∆T/∆T0, is shown along the abscissa; ∆To denotes the thermal load magnitude that
would initiate yielding of the built-in beam in the absence of the pressure load.
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Figure 2.4: Analytical elastic and shakedown limits of the built-in beam.
In Figure 2.4, both the elastic and shakedown limits decrease with increasing steady
distributed load (P ). The areas below the limit lines indicate feasible design space
based on elastic and shakedown behaviors. Allowing for shakedown behavior doubles
the feasible design space when compared to yield-limited design.
Numerical shakedown limit determination via step-by-step analysis
In order to aid in interpretation of the analytical Bree load-interaction diagram,
the built-in beam shown in Figure 2.2 was also modeled using the commercial fi-
nite element software Abaqus 6.14-1, (SIMULIA, Providence, RI). The beam was
constrained from translation and rotation at the walls to simulate clamped bound-
ary conditions. Only a half span of the beam was modeled by defining symmetry
along the axis of the beam using planar B21 elements. A mesh sensitivity analy-
sis was performed which identified that 200 elements along the beam was sufficient.
Elastic-perfectly plastic behavior was assumed with the mechanical properties given
in Section 2.1 for Inconel 718 nickel-based superalloys at an elevated reference tem-
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perature.
The thermomechanical loading shown in Figure 2.2b was applied in the finite ele-
ment model in two consecutive analysis steps. In the first step, a uniform pressure of
P = 0.1 MPa (P/Po = 0.08 for L/t = 40) was applied over the beam. The uniform
temperature of the beam was cycled between the reference value and the maximum
temperature in the second analysis step. It was found that 10 thermal cycles were
sufficient to identify the nature of the elastoplastic behavior (elastic, shakedown or
other inadmissible elastoplastic behavior). Under the thermomechanical loading de-
tailed above, plastic strain localizes at the walls. The time evolution of the plastic
strain at these critical points was monitored in the second analysis step to identify
the elastoplastic behavior of the beam. As the applied pressure is low (well within
the elastic regime for most aerospace materials), the structure displays elastic, shake-
down, or inadmissible behaviors depending on the magnitude of the cyclic thermal
load.
In order to visualize the distribution of plastic strains under this type of loading, a
2D finite element model was used under plane stress assumptions. Note that although
only plane stress results are shown here, plane strain assumptions give similar strain
distributions with larger magnitudes. Figure 2.5 shows the distribution of equivalent
plastic strain (PEEQ) in the half-beam upon applying the last thermal cycle at a
level that causes the structure to experience ratchetting. The contour plot reveals
the critical locations in the beam under the thermomechanical loading applied. The
critical locations are the top corners of the beam where both thermal and mechanical
loads cause compressive stresses.
Post-processing of the numerical simulations and identification of the elastoplas-
tic behavior is summarized below with the examples of shakedown (Figure 2.6a,b)
and other undesirable (inadmissible) responses (Figure 2.6c,d). Note that in these
numerical examples, shakedown is determined by monitoring the full cyclic elasto-
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Figure 2.5: Equivalent plastic strain distribution of a beam under a uniform pressure of
P = 0.1 MPa and thermal load of α∆T = 9.4× 10−3.
plastic response without the application of direct method shakedown theorems as is
done in Section 2.1.1.
In the case of shakedown (Figure 2.6a,b), the magnitude of the plastic strain
developed at the end of the first thermal cycle remains constant (stabilizes) and
elastic behavior is recovered for the beam upon further thermal cycles. This behavior
is shown in Figures 2.6a,b where the axial stress-strain response and the equivalent
plastic strain (PEEQ) during the thermal cycles are plotted. In the axial stress-strain
plot (Figure 2.6a), response during the first cycle is indicated and further triangle
markers show the behavior during the rest of the 9 thermal cycles. In Figure 2.6a,
the axial plastic strain at the critical points (at the walls) remains constant after the
first cycle while the axial stress varies between the maximum and minimum values
shown. The magnitude of the PEEQ in Figure 2.6b remains constant for thermal
cycles 2-10, indicating shakedown and the recovery of elastic behavior.
An example of an undesirable elastoplastic response (alternating plasticity, ratch-
etting or collapse) that occurs if the thermal load exceeds the shakedown limit of the
structure is shown in Figures 2.6c,d. In the axial stress-strain plot (Figure 2.6c), the
response at the critical points (at the walls) in the first thermal cycle is identified.
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Figure 2.6: a) and c) Axial stress and axial plastic strain response, b) and d) equivalent
plastic strain (PEEQ) evolution during the 10 thermal cycles. The plots depict the response
of the top corner at the walls of a built-in beam (Figure 2.2b) with an aspect ratio of
L/t = 40 and a uniform pressure of P = 0.1 MPa, which corresponds to P/Po = 0.08.
Material properties of Inconel 718 at an elevated reference temperature were used. The
thermal load is below the shakedown limit (α∆T = 7.2 × 10−3) for (a,b) and above the
shakedown limit (α∆T = 9.4× 10−3) for (c,d).
Upon heating the beam in the first cycle, the axial stress at the critical point reaches
the yield stress in compression and initiates local plastic strains. When the thermal
load is removed, the axial stress reaches yield in tension, changing the sign of the
axial plastic strain. During subsequent thermal cycles, the axial plastic strain varies
between two values of equal magnitude but opposite sign. As a result, there is no
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net plastic strain and this represents alternating plasticity behavior which can lead
to low cycle fatigue. In contrast, PEEQ, the equivalent plastic strain, at the critical
points at the walls, remains a positive scalar and continues to accrue with thermal
cycling in Figure 2.6d.
Numerical Bree load-interaction diagram (small displacements)
A numerical Bree interaction diagram (Figure 2.7) for the structure shown in Figure
2.2b was developed using the finite element model and procedure outlined in Section
2.1.1. An example Abaqus input file code for this type of analysis is given in Section
1 of the Supplemental File submitted with this dissertation. For each beam geometry
considered, the procedure is repeated for increasing thermal load levels (∆T ) with
increments of 10 ◦C until the first-yield and shakedown limits of the structure were
identified. This numerical map is used for comparison with the analytical solutions
presented in Section 2.1.1. For a better comparison with the analytical model, first
only beams with small aspect ratios (L/t < 25) are considered. Then, the shakedown
limits fore beams with increasing aspect ratios are investigated to show the effect of
slenderness on the results.
This numerical map is used for comparison with the analytical solutions presented
in Section 2.1.1. The axes of this interaction diagram are the same as described in
Figure 2.4 in Section 2.1.1. The analytical elastic limit (Eq. (2.2)) is plotted as a
solid red line and the lower bound shakedown limit (Eq. (2.7)) is plotted as a dashed
black line in the diagram. The thermal loads, determined numerically, that cause
first yield, shakedown or inadmissible elastoplastic behaviors (alternating plasticity,
ratchetting) are shown in Figure 2.7. Open circles indicate FEA cases that are fully
elastic, grey circles indicate cases that shakedown, black circles indicate cases that
experience either alternating plasticity or ratcheting (inadmissible).
Figure 2.7 shows good agreement between the analytic limits and the numerical
21
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Figure 2.7: Regime map, based on FEA computations assuming small displacements, il-
lustrating cyclic elastoplastic behaviors. Open circles indicate cases that are fully elastic,
grey circles indicate cases that shakedown, black circles indicate cases that experience either
alternating plasticity or ratcheting (inadmissible). For comparison, the dashed black line
shows the analytic lower bound shakedown limit and solid red line shows the analytic elastic
limit.
results, especially with low uniform pressure (i.e. P/Po < 0.2). The difference
between analytical and FEA results increases at larger pressures. This discrepancy is
associated with the simplifying assumptions of the analytical solution. Both methods
in this map assume small displacements and neglects the possibility of buckling.
However, while the analytical solution in Section 2.1.1 completely decouples the
thermal and mechanical analysis, the FEA model does not. On the one hand, the
thermal load applied in the analytical method creates only compressive stresses in
the beam model. On the other hand, the thermal load applied in the second step of
the FEA analysis contributes to the transverse displacements caused by the uniform
pressure and creates additional bending stresses.
To better illustrate the influence of both geometric and material parameters,
Figure 2.8 depicts the elastic, shakedown and buckling limit curves for a fixed pressure
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level, P = 0.1 MPa. The limit curves are presented in terms of thermal strain,
α∆T , and beam aspect ratio, L/t. Analytical elastic limits and shakedown limits
for different materials are shown with solid and dashed curves, respectively. For
reference, the purely elastic thermal buckling limit curve is superimposed on the
figure. The thermal load, α∆T , that would initiate thermal buckling is given by
α∆T =
1
3
(
pit
L
)2
. This equation is found by replacing the critical load in the Euler
buckling equation of elastic buckling theory, Pcr = 4pi
2EI/L2, with an equivalent
thermal load using the relation, Eα∆Tcr = Pcr/A. The cross-sectional area of the
beam is denoted by A and is equal to the thickness, A = t, when a unity beam depth
is assumed. The elastic thermal buckling constraint depends only on the beam
aspect ratio and it is shown as a thick solid line. The ratios of Young’s modulus and
yield strength are representative of nickel-based superalloy Inconel 718 (εo = 0.59%),
Inconel 625 (εo = 0.26%) and some other nickel and copper alloys (εo = 0.1%) at an
elevated reference temperature of 600◦C. Note that this level of pressure, P = 0.1
MPa corresponds to P/Po = 0.005 for L/t = 10, P/Po = 0.12 for L/t = 50 and,
P/Po = 0.5 for L/t = 100, when the properties of Inconel 718 (εo = 0.59%) are
used. It is again seen that, depending on material, geometry and loading, elastic
thermal buckling may be initiated before either initial yielding or shakedown limits
are reached.
In order to compare these small deformation based analytic calculations with FEA
results, a parametric study was performed. Numerical elastic and shakedown FEA
limits were found assuming material properties representative of Inconel 718 nickel-
based superalloys at an elevated reference temperature of 600◦C and shown in Figure
2.8. In order to compare with the small deformation analytical approach, geometric
nonlinearity was neglected in the FE model. The numerical elastic limit agrees well
with the analytic solution. For the shakedown limit, the numerical solution diverges
from the analytic solution especially at large aspect ratios (L/t > 50).
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Figure 2.8: Consideration of elastic thermal buckling, elastic and shakedown limits for
a built-in beam subjected to P = 0.1 MPa uniform pressure. Limits for several types
of aerospace materials with representative properties are given (nickel-based superalloys
Inconel 718 (εo = 0.59%), Inconel 625 (εo = 0.26%) and, other nickel and copper alloys
(εo = 0.1%). Note that these ratios were determined with properties at a reference elevated
temperature of 600◦C.
The stress/displacement response of the beam in the FE analysis differs from
the analytic solution after local yielding initiates. This can be attributed to a loss
of stiffness followed by more pronounced displacements when local yielding of the
beam occurs at the walls. This effects the shakedown limit of beams with small and
large aspect ratios differently. For large aspect ratios, the thermomechanical loading
creates compressive stresses throughout the critical cross sections, while for small
aspect ratios, the loading causes a stress distribution that varies from compressive
stress at the top corners to tensile stress at the bottom corners of the critical cross
sections.
Similar to Figure 2.8, Figures 2.9a,b show the analytic elastic buckling, first-
yield (E) and shakedown (SD) limits of clamped and pinned beams and compares
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Figure 2.9: First-yield (E), shakedown (SD) and elastic thermal buckling limits for a)
clamped beams, b) pinned beams subject to P = 0.1 MPa (P/Po = 0.005 for L/t = 10,
P/Po = 0.12 for L/t = 50, P/Po = 0.5 for L/t = 100). Various aspect ratios for plane
stress and plane strain assumptions are used with properties of Inconel 718 at an elevated
reference temperature (εo = 0.59%). Note that Figure 2.8 used plane stress conditions for
the clamped beam but employed different materials.
the limits when plane stress or plane strain assumptions are used for the εo = 0.59%
material (Inconel 718). The limit equations are listed in Table 2.1 and derivations are
given in Appendices A.1 and A.2. Note that the limits for εo = 0.59% in Figure 2.8
correspond exactly to the plane stress limit curves in Figure 2.9a. For both types of
boundary conditions, plane stress assumptions result in higher elastic and shakedown
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Table 2.1: Elastic and shakedown limits for clamped and pinned beams under plane stress
and plane strain conditions.
Clamped Beam
Elastic Limit Shakedown Limit
Plane Stress PL
2
t2
+ 2Eα∆T = 2σo
PL2
t2
+ Eα∆T = 2σo
Plane Strain PL
2
t2
+ 2Eα∆T
1−ν = 2σo
PL2
t2
+ Eα∆T
1−ν = 2σo
Pinned Beam
Elastic Limit Shakedown Limit
Plane Stress 3PL
2
4t2
+ Eα∆T = σo
3PL2
2t2
+ Eα∆T = 2σo
Plane Strain 3PL
2
4t2
+ Eα∆T
1−ν = σo
3PL2
2t2
+ Eα∆T
1−ν = 2σo
limits when compared to solutions under plane strain assumptions. Elastic buckling
is initiated at smaller aspect ratios when plane stress assumptions are used. Beams
with pinned constraints are susceptible to elastic buckling over a larger range of
aspect ratios (Figure 2.9b). All of these results indicate that it may be crucial to
investigate the effects of early elastic buckling on the shakedown performance and
design of these structures.
Three main points that provide design guidance are identified based on Figures
2.8 and 2.9. When a small deformation analysis of the thermal and mechanical
loading is adopted, without explicit interactions between buckling and shakedown,
the absolute benefit of designing to shakedown decreases as the aspect ratio increases
and the yield strain (ε0) decreases. Thermal buckling becomes more relevant over
a larger range of aspect ratios and at lower applied thermal strains as the yield
strain of the material increases. Thermal buckling may take place before a material
reaches the first yield or shakedown limits for some beam aspect ratios. In this
way, geometry and material selection may be used to promote or suppress desired
behaviors. The effect of aspect ratio on the shakedown performance is investigated
further by allowing for large deformations due to thermal buckling in the following
Section 2.1.2.
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2.1.2 Case Study I-b: Built-in beam structure considering
thermal buckling
The following numerical study investigates the shakedown performance of built-in
beams with various aspect ratios. The beam thickness was kept constant at t =
6 mm and the beam length was changed to obtain aspect ratios between 10 and
40. The loading conditions detailed in Section 2.1 were applied in this numerical
model. In the first analysis step, uniform pressure was applied over the beam. The
uniform temperature of the beam was then cycled between the reference value and
the maximum temperature in the second analysis step. For each beam geometry
considered, the procedure is repeated for increasing thermal load levels (∆T ) with
increments of 10 ◦C until the first-yield and shakedown limits of the structure were
identified.
One key component of structural analysis for heated built-in beams (Figure 2.2)
is the possibility of thermal buckling. Elastic buckling theory assumes that the
beam is sufficiently slender, such that the dimensions of the beam cross-section are
small compared to the beam length. If the slenderness ratio is sufficiently large,
buckling will occur in the elastic range [51]. In order to investigate the effects of
thermal buckling (elastic or plastic) on shakedown behavior, a numerical approach
that includes the nonlinear geometrical effects is used for shakedown determination.
For each beam aspect ratio considered, a separate eigenvalue buckling analysis
was performed. Deformation modes corresponding to the first buckling mode from
the eigenvalue analysis were imposed as initial imperfections before analyzing the
elastoplastic behavior. The magnitude of the initial imperfections were set such that
the maximum displacements were approximately 3% of the beam thickness. Imper-
fection magnitudes from 2% to 5% were evaluated and no effect on the shakedown
results was seen. Examples of Abaqus input file codes for both imperfection analysis
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Figure 2.10: Regime map, based on FEA computations, illustrating cyclic elastoplastic
behaviors as a function of normalized thermal and mechanical loading. This diagram indi-
cates the feasible thermomechanical loading domains below the elastic and shakedown limit
lines. Black dashed lines indicate shakedown limits and red solid lines indicate elastic limits
for beams with various aspect ratios.
and shakedown analysis are given in Sections 2.1 and 2.2 of the Supplemental File
submitted with this dissertation.
Based on these loading and geometric conditions, cyclic plasticity regime maps
(Figures 2.10 and 2.11) were created. In Figure 2.10, the normalized pressure load,
P/Po is shown along the ordinate and the normalized thermal load, ∆T/∆T0 is
shown along the abscissa. Note that ∆To and Po values are different for each beam
aspect ratio and listed in the legend of Figure 2.10. Critical loading combinations for
first yield and shakedown limits based on structures with aspect ratios of L/t = 10
(circles), L/t = 20 (squares), L/t = 30 (triangles) and L/t = 40 (diamonds) are
shown. All of the elastic limits in these cases are depicted in red solid lines and
the shakedown limits in black dashed lines. This diagram indicates the feasible
thermomechanical loading domains below the elastic and shakedown limit lines.
The normalized shakedown limits change significantly with aspect ratio while the
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elastic limits are all similar. Without imperfections and nonlinear geometry effects,
all of the elastic limit lines, regardless of aspect ratio, would follow a line with a
slope of -1 between the normalized thermal and pressure loads of 1. The minor
variation in elastic limits shown in Figure 2.10 is due to the presence and interaction
of imperfections and pressure loading. Figure 2.10 shows that for all of the beam
aspect ratios considered, shakedown behavior enlarges the feasible design space that
is determined by first yield.
The benefit of shakedown tends to increase with increasing aspect ratio. For
example, at P/P0 = 0.5, the allowable shakedown loadings for aspect ratios L/t =
10, 20, 30, 40 are 1.6, 2.8, 3.5, 4.8 times the elastic designs, respectively. At L/t = 10,
there is no buckling before the shakedown load is reached. At L/t = 20 and 30,
there is plastic buckling during the first thermal loading cycle before shakedown
occurs. At L/t = 40, there is elastic buckling during the first thermal loading cycle
before shakedown occurs. The apparent drop in the shakedown limit for aspect ratio
L/t = 20 (between P/P0 = 0.5 and 0.7) is due to the absence of thermal buckling.
For example, buckling occurs at P/P0 = 0.5 before the beam reaches the shakedown
limit and after first-yield. The same is true for aspect ratio L/t = 20 at P/P0 = 0.6.
At these intermediate pressure levels, buckling occurs during thermal loading and
postpones ratchetting. At the higher pressure level of P/P0 = 0.7, the addition
of thermal loading does not cause buckling. This reduces the allowable thermal
loading for shakedown. As beams with large aspect ratios are more prone to thermal
buckling and large deformations, these results suggest a relation between shakedown
performance and nonlinear geometrical effects. This relation is further investigated
in the following numerical study by analyzing beams with different aspect ratios
under the same pressure loads.
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Elastic, Shakedown and Buckling Behaviors as a Function of Aspect Ratio
A numerical interaction diagram for the structure shown in Figure 2.2b was developed
using the finite element model and analysis procedure outlined in Section 2.1.2.
Beams with aspect ratios from 10 to 50 were analyzed under a low pressure level of
P = 0.1 MPa (corresponding to P/Po = 0.005 for L/t = 10 and P/Po = 0.12 for
L/t = 50) and an intermediate pressure level of P = 0.38 MPa (P/Po = 0.022 for
L/t = 10 and P/Po = 0.4 for L/t = 50). These uniform pressure values were chosen
because the maximum stress they create for the beam with the largest aspect ratio is
around 12% and 40% of the yield stress for the low and intermediate pressure levels,
respectively.
The results of this numerical parametric study are summarized in the design
map in Figure 2.11. For reference, the purely elastic thermal buckling limit curve
is superimposed on the figure (thick grey dashed line). For both of the pressures
analyzed, beams with small aspect ratio (L/t ≤ 20) will yield without experiencing
any buckling behaviors before shakedown. As the aspect ratio increases (L/t =
25− 35), following first-yield, some plastic buckling was observed before shakedown
limits were reached. The critical plastic buckling limits observed in the FE analyses
were smaller than the elastic buckling limits. Plastic buckling only occured over a
small range of aspect ratios (L/t = 25 − 35) and a plastic buckling limit line is not
shown in Figure 2.11; instead, only the elastic thermal buckling limit is shown as a
reference. At large aspect ratios (L/t ≥ 35), elastic buckling occurs before yielding
and shakedown. At low pressure, it was found that critical elastic buckling loads
observed in the numerical FE analyses agreed well (within 10%) with the elastic
buckling formula for the beams with large aspect ratios (L/t ≥ 35).
Figure 2.11 also reveals the effect of buckling on elastoplastic shakedown behav-
ior. The feasible design spaces are the areas below the elastic and shakedown limit
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Figure 2.11: Design map showing the fully coupled elastic, shakedown and buckling be-
haviors from FE analyses. Beams with various aspect ratios under P = 0.1 MPa and
P = 0.38 MPa uniform pressure were analyzed. The analytic elastic thermal buckling
limit is superimposed for reference indicating when buckling would occur before yielding
or shakedown behaviors are reached. Material properties representative of the nickel-based
superalloy Inconel 718 were used.
curves. In the low aspect ratio portion of the map (L/t ≤ 20), before onset of initial
elastic thermal buckling, the elastic and shakedown limits decrease with increasing
aspect ratio. This result is in agreement with the small deformation analytical limit
curves shown in Figure 2.8 (see Section 2.1.1 for the analytical derivation) where
the influence of buckling is not explicitly included in the analysis. However, for the
beams with larger aspect ratios (L/t ≥ 35), buckling can occur before the structure
reaches either the elastic or shakedown limit. As a result of elastic buckling, the
elastoplastic behavior changes drastically. The results suggest several consequences
of elastic buckling.
Following elastic thermal buckling at higher aspect ratio values (L/t ≥ 35 for both
P = 0.1 and P = 0.38 MPa), for a given material, the elastic limit remains relatively
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constant with increasing aspect ratio. In contrast, for this region of the design map,
the shakedown limit continues to increase with increasing aspect ratio. The benefit
of designing to shakedown increases as the aspect ratio increases (enlarged feasible
design space).
Extended design domains may also translate to lightweighting gains, but the spe-
cific benefits depend on the material employed. As an example of weight reduction
by allowing shakedown, we use the same material properties and low uniform pres-
sure, P = 0.1 MPa from Figure 2.11 (Inconel 718, E/σo = 168). The mass of the
structure can be calculated as m = ρLt, per unit depth of the beam. The use of
beam theory introduces the beam aspect ratio constraint, L/t ≥ 10 and manufac-
turing constraints may impose minimum beam dimensions for the beam length, for
example: L ≥ 4 mm and beam thickness, t ≥ 0.3 mm. A reference mass for the beam
can be determined using the minimum dimensions (Lmin = 4 mm and tmin = 0.3
mm), Wref = ρLmintmin. If we assume a thermal load of α∆T = 5.3× 10−3, elastic
design rules would dictate a beam with a greater thickness and a normalized weight
of Welastic
design
/Wref = 1.33 (see Figure 2.11). Designing instead to shakedown would
allow for a normalized weight of 1 which indicates a 33% reduction in weight when
compared to traditional elastic design rules. These results again illustrate the advan-
tages of designing to shakedown: incorporating shakedown in the design of beams
enlarges the feasible design space and allows for lightweighting when compared to
elastic designs.
Shakedown in the Post-buckled Regime
In order to better understand the conditions that improve the shakedown perfor-
mance in the post-buckled regime, a sequentially coupled approach is outlined in
the following. First, a buckled shape and the corresponding stresses induced by the
geometric nonlinearity are determined using an analytical method summarized in B.
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This analysis gives the transverse displacement and axial stress of a built-in beam
as a function of thermal load and applied pressure for moderate rotations. In the
following example, a low uniform pressure of P = 0.1 MPa is again assumed and
the displacement/axial stress solution is obtained at the critical thermal buckling
load. A finite element model was created and initialized with the analytically deter-
mined buckled shape (Eq. (B.5)). The model was also initialized with the stresses
obtained analytically (Eq. (B.8)). As initializing a non-uniform stress field through
the thickness of a beam element is not possible in the ABAQUS software; continuum
plane stress (CPS4R) elements were instead used. Initial stresses were imposed on
the finite element model with a user subroutine (SIGINI) available in ABAQUS. The
initial temperature was set to the critical buckling load value.
Following the initialization of the finite element model with the analytic buckling
solution, an additional Abaqus/Explicit step was used to further thermally cycle
the beam under the constant pressure. In the first thermal cycle, the temperature
was increased to a maximum value from the critical buckling temperature and then
decreased to the reference temperature. In the subsequent loading cycles, the tem-
perature was cycled between the reference level and the maximum value. Similar to
the fully coupled analyses previously presented in this Section, the plastic strain evo-
lution at the critical points of the beam, was monitored to determine if shakedown
occurs.
This kind of sequential numerical approach can also be used to explore how
the shakedown performance is affected by the stress/deformation due to thermal
buckling. For example, by comparing results from sequential and fully coupled
approaches, one can determine if thermal buckling that occurs before shakedown
changes the shakedown limit compared to cases where these behaviors can occur si-
multaneously or otherwise. In order to make a better comparison between the fully
coupled and sequentially coupled analyses, the fully coupled analysis from Section
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2.1.2 was repeated using continuum elements for beams with aspect ratios of 40
and 50. It is found that continuum elements result in a less conservative (larger)
shakedown limit load than the beam elements if a fully coupled approach is taken
(Figure 2.12). Next, the sequential analysis was applied to the same two test case
beams with aspect ratios 40 and 50. This was done at both a temperature below and
a temperature above the shakedown limit determined by the fully coupled analysis
with continuum elements.
All of the simulation results for these two test cases are shown in Figure 2.12. It
is seen that the sequential analysis differs negligibly from the fully coupled analysis.
The implication is that it is not necessary to include full coupling between buck-
ling and elastoplastic behaviors to determine shakedown limits. This also suggests
that using initially curved beams instead of straight beams may promote similar
shakedown performance.
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Figure 2.12: Comparison of sequentially and fully coupled shakedown analyses. The figure
on the left is a reproduction of Figure 2.11 (P = 0.1 MPa case only with the shakedown
region highlighted in grey and elastic domain in black) to highlight the high aspect ratio
region of the shakedown domain for investigation here. On the right, several cyclic ther-
momechanical FEA simulations are performed for two test cases (L/t = 40, 50) with the
sequential and fully-coupled approaches. A uniform pressure of P = 0.1 MPa and Inconel
718 properties were assumed at an elevated reference temperature.
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Discussion of Case Study I: built-in beam
Based on the fully coupled numerical study in Section 2.1.2, the small deformation
analytic design tools of Section 2.1.1 give overly conservative measures of shakedown
benefits at higher aspect ratios where elastic thermal buckling is expected to occur
before first-yield or shakedown. For the smaller aspect ratio beams that are not
expected to buckle due to thermal loading, they may be used as a preliminary design
step. For any material of interest and a given level of pressure, the value of what
determines a large aspect ratio is defined by where elastic thermal buckling occurs
before first yield and shakedown. For example, one could analytically construct
Figures 2.9a,b for a case of interest to identify these large or small aspect ratio
regions. For the remainder of this discussion, the terms smaller and larger aspect
ratios refer to this definition.
For more accurate design, the fully coupled cyclic elastoplastic numerical pro-
cedure from Section 2.1.2 may be used as it is reliable for all ranges of aspect ra-
tio, material conditions, and includes the potential for interactions between thermal
buckling and shakedown. Figure 2.11 shows a practical application of the use of
shakedown theory in the design of thermomechanical beams. The results suggest
that conventional yield-limited designs are overly conservative. This is especially
true for beam structures with large aspect ratios, which can withstand thermome-
chanical loads much larger than those identified by traditional yield-limited design.
For example, the shakedown limits found for small aspect ratio beams were 1.4-1.9
times larger than the first-yield limits. This improvement increases to 2.5-4 times
for large aspect ratio beams (Figure 2.11). For these larger aspect ratio beams,
buckling relaxes the geometric constraint in the beam and allows the structure to
shakedown at larger thermomechanical loads under cyclic loading conditions than
without buckling present.
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In applications where structures are allowed to operate in the post-buckling
regime, designers can take advantage of this enhanced shakedown behavior by using
large aspect ratios or by tailoring the material selection to promote thermal buckling.
Alternatively, they could develop pre-service thermal treatments that promote ther-
mal buckling. Lastly, similar shakedown design benefits may be obtained by using
initially curved beams.
2.2 Case Study II: Auxetic structures
Materials and structures may show auxetic or negative Poisson’s ratio behavior (ex-
pansion in tension and contraction in compression) due to their lattice structure
and topology, respectively. Auxetic materials have been shown to exhibit excellent
mechanical properties such as high shear resistance [52], fracture toughness [53], in-
dentation resistance [54–57], and energy absorption [58–61]. Auxetic effects can be
obtained in a structure made of a conventional material by arranging the topology
such that the global behavior of the structure results in a negative Poisson’s ratio.
For example, auxetic structures can be obtained when mutually orthogonal periodic
holes with large aspect ratios (length to width ratio) are made in plates/tubes [62].
Gas turbines contain several perforated components that are used for film cooling,
as shown in Figure 2.13. Auxetic structures with holes are potential candidates for
these components as they provide both the porosity required for the film cooling as
well as the enhanced mechanical properties provided by the negative Poisson’s ratio
effects. Recently, it has been shown by Javid et al. that porous negative Poisson’s ra-
tio or “NPR” structures (Figure 2.13c) exhibit increased fatigue life when compared
to conventional porous structures with circular holes [63].
As these types of gas turbine components typically serve under cyclic thermo-
mechanical loading conditions, understanding their cyclic elastoplastic behavior may
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lead to more weight-efficient design approaches. The cyclic inelastic behavior of aux-
etic structures has not previously been presented in the literature and is the focus of
this section.
Figure 2.13: Auxetic structure.
2.2.1 Numerical shakedown analysis for auxetics
In order to investigate the shakedown behavior of auxetic structures, several geome-
tries resulting in different degrees of negative Poisson’s ratio are considered. Inspired
by the recent work by Taylor et al. and Javid et al. [62, 63] a simple rectangular plate
with mutually orthogonal periodic elliptical holes was used. Taylor et al. showed that
the Poisson’s ratio of such structures is directly related to the length of ligaments
(l) separating neighboring holes shown (Figure 2.14) [62]. The governing length (l)
(and thus also the Poisson’s ratio) can be adjusted by varying the aspect ratio of
the elliptical holes (a/b). In this study, three different geometries with various hole
aspect ratios (a/b=30, 15, and 8) are analyzed numerically (Figure 2.14).
Finite element analyses for these structures were performed using the commercial
software ABAQUS (Providence, Rhode Island). Although for gas turbine applica-
tions the loading is cyclic and thermomechanical, as a first analysis (and following
Taylor et al. [62]), uniaxial mechanical-only cycles are investigated at ambient tem-
peratures. For this first case, material properties that are representative of the
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Figure 2.14: Auxetic model and variations with different hole aspect ratios resulting in
different levels of negative Poisson’s ratio.
6061 aluminum alloy at ambient were used assuming elastic-perfectly-plastic behav-
ior (E = 70 GPa, σ0 = 275 MPa). Due to the relatively sharp vertices of the
elliptical holes, especially in the case of the largest aspect ratio (a/b = 30), stress
concentrations occur near the hole tips. This requires fine mesh near the regions
prone to stress concentrations. However, uniformly reducing the mesh size in the
entire structure yields an excessively large model and large calculation times. To
overcome this problem, an adaptive mesh process available in the Abaqus software
was used. This method adaptively remeshes the geometry with the aim of creating
a mesh-independent model with the least number of elements. As an example, the
convergence of the maximum von-Mises stress and maximum equivalent plastic strain
in the a/b = 30 model under a tensile stress 1.3 times the load causing first-yield is
shown in Figure 2.15.
Upon completion of the mesh adaptivity process, a model with fine mesh near the
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stress concentration regions and a coarse mesh in the regions where the stresses and
strain are non-critical was achieved. The adapted mesh for case #1 with a/b = 30
is shown in Figure 2.16. A total of approximately 100,000 elements were used in
this model. A similar mesh adaptivity procedure was used for the other structures
with a/b = 8 and 15, but results are not shown here as the stress concentrations
in these model are not as severe as the model with a/b = 30. In Figure 2.16, the
detailed mesh discretization on the right gives a close-up view of the inner surface of
the elliptical vertex.
Figure 2.15: Mesh convergence during the mesh adaptivity process for the auxetic case #1
with a/b = 30.
Following Taylor et al. [62], each model was analyzed under cyclic tensile load-
ing between zero and a maximum value that would exceed the material yield limit.
The tensile load was applied in terms of a pressure (P) on the top surface of the
model while a displacement boundary condition was applied at the bottom surface,
constraining the vertical degree of freedom (Figure 2.14). Using this model, first the
elastic limit (tensile load that causes first yield) was found for each case (a/b = 8,
15, 30). The evolution of the plastic strain within the structure was then moni-
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Figure 2.16: Details of the mesh discretization of the structure with a/b = 30.
tored during 10 cycles, and the nature of the elastoplastic behavior was determined
(shakedown or ratchetting). The magnitude of the tensile loading on the structures
was incrementally increased in a parametric study to determine the shakedown limit
(the largest loading magnitude that causes shakedown behavior). Note that in this
example, the plastic strain accumulation upon cycling does not arrest but instead
dramatically reduces. Hence, an allowable plastic strain per cycle criterion is needed
to identify effective shakedown behavior. For this limit analysis a plastic strain accu-
mulation threshold of 10−6 per cycle was assumed for the shakedown behavior. The
choice of this strain accumulation threshold will be further discussed in Chapter 4,
Section 4.2.
In order to study the interaction between shakedown performance and auxetic-
ity, an effective Poisson’s ratio was calculated for each geometry following a similar
method employed by Taylor et al. [62].
νeff = − ¯xx
¯yy
, (2.8)
where ¯xx and ¯yy are expansion of the unit geometry (Figure 2.14) in the horizontal
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(x) and vertical (y) directions under tensile loading:
¯xx =
u¯Rx − u¯Lx
L0
, ¯yy =
u¯Ty − u¯By
L0
. (2.9)
L0 is the length of the unit cell, u¯x and u¯y are the average displacements in the
horizontal and vertical directions of the nodes on the right (R), left (L), top (T ),
and bottom (B) edges of the unit cell highlighted in Figure 2.14.
2.2.2 Results of the numerical shakedown analysis
for auxetics
A representative contour plot of horizontal (1-direction) displacements obtained un-
der tensile loading (upon reaching the yield limit) for the structure with a/b = 30
is shown in Figure 2.17 on the undeformed geometry. The applied tensile loading
results in horizontal (1-direction) expansion of the structure in the middle section,
causing a negative Poisson’s ratio effect. Following the method explained in Sec-
tion 2.2.1 and using Equations 2.8 and 2.9, an effective Poisson’s ratio (νeff ) was
calculated for all three structures (a/b = 8, 15 and 30) at the different tensile loads
causing first-yield in each structure. The calculated effective Poisson’s ratios vary
between -0.07 and -0.78 (Figure 2.14, Table 2.2). Recall that the possible values
for Poisson’s ratio for linear elastic materials range between -1 and +0.5. Elastic
and shakedown limits were determined for each structure following the procedure
detailed in Section 2.2.1. The effective Poisson’s ratio, elastic limit, and shakedown
limits obtained numerically are listed in Table 2.2.
Elastic and shakedown limits are plotted against the effective Poisson’s ratio in
order to identify possible trends (Figure 2.18a). In this figure, the elastic and shake-
down limits are shown with circle and square simulation markers, respectively. Figure
2.18b shows the normalized elastic and shakedown limits as a function of the effective
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Figure 2.17: Displacement in the horizontal direction shown for the central unit cell of the
model with a/b = 30, for the loading level that causes first-yield in the structure.
Poisson’s ratio. In this figure, the limits for each structure were normalized by the
individual elastic limit (Table 2.2) corresponding to each geometry case (resulting in
a normalized elastic limit of 1 for all of the structures).
The results in Figure 2.18a show that both elastic and shakedown limits decrease
with larger negative Poisson’s ratios. This outcome can be explained by the reduc-
tion of the x-y planar cross-section with increasing hole aspect ratios (Figure 2.14).
Regardless, for all three of the effective Poisson’s ratios explored, the shakedown limit
was found to be significantly larger than the elastic limit. While the absolute shake-
down limit decreased with increasing auxeticity, the normalized shakedown limit in
Figure 2.18b, which is more relevant for design purposes, is found to be independent
of the effective Poisson’s ratio and approximately twice the elastic limit for all struc-
tures. These promising preliminary results serve as motivation for future numerical
and experimental investigations that will include thermal effects.
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Table 2.2: Poisson’s ratio, elastic limit and shakedown limit results for the structures with
a/b = 8, 15 and 30.
a/b 8 15 30
Effective Poisson’s ratio -0.07 -0.38 -0.78
Elastic limit [MPa] 9.60 4.00 1.12
Shakedown limit [MPa] 19.20 7.80 2.20
Effective
a) b)
Effective
a/b = 30 a/b = 15
a/b = 8
a/b = 30 a/b = 15 a/b = 8
Figure 2.18: Numerical results for the elastic ans shakedown limits of the auxetic struc-
tures.
2.3 Case Study III: Reinforced concrete structures
Evaluating the resilience (safety load factors, ultimate load-bearing capacity) of re-
inforced structures (Figure 2.19) under elevated temperatures representative of fire
conditions is critical for many civil applications. Attention has been focused on the
determination of axial force-bending moment interaction diagrams of reinforced con-
crete structures subjected to a fire-induced temperature gradients using specialized
step-by-step finite element analysis codes. Shakedown-based analysis has recently
been shown to offer a rigorous framework for determining safe load bearing capaci-
ties, including under fire conditions [64, 65].
In general, few studies have investigated the shakedown behavior of reinforced-
concrete (RC) structures [64–71]. Alawdin and Bulanov conducted a numerical study
for the load bearing capacity of RC structures under a vertical dead load and ran-
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Figure 2.19: Reinforcement bars inside a concrete structure.
domly varying, horizontal mechanical loads, using an optimization scheme which
accounts for fracture of members [68]. In another study, Alawdin and Liepa inves-
tigated optimal reinforcement cross-sectional areas and member sizing using an op-
timization approach based on shakedown design limits [69]. Very few have explored
the shakedown response of RC structures under thermomechanical loads [64, 65].
Bleyer et al. developed a lower bound direct shakedown method to investigate the
load bearing capacity of reinforced concrete slabs under fire conditions [65]. The
authors showed the evolution of thermomechanical load interaction diagrams with
different fire temperature fields.
Building on these studies, here a greater understanding of the RC shakedown
behavior under multi-axial thermomechanical loadings is sought. In this section, a
step-by-step numerical finite element analysis (FEA) study is used to explore and
demonstrate shakedown behavior of a RC structure under a combination of four-
point bending loads and fire conditions. The goal is to further support shakedown
design strategies for RC components under extreme thermomechanical loadings.
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2.3.1 Numerical shakedown analysis for RC structures
The commercial FEA code ABAQUS (Providence, Rhode Island) was used to sim-
ulate and understand the cyclic response of RC structures under thermomechanical
loading. The slab model is based on a test-case available in the ABAQUS benchmark
documentation. This ABAQUS benchmark problem was for simulating smeared
cracking of a RC structure under mechanical-only loads. It was modified by adding
thermal loading that represents fire conditions to allow for some initial exploratory
shakedown analysis of RC structures. Figure 2.20 shows a schematic of the RC slab
of interest from a side view (bottom illustration) and top view (top illustration).
The dashed lines indicate the placement of the reinforcement bars. Thermechanical
loading, dimensions and boundary conditions are also shown. The model (see Figure
2.20) employed S4R type shell elements with 10 elements along the beam length (762
mm) and 2 elements for the width of the beam (457 mm). Based on a sensitivity
study (not shown), it was found that this was sufficient to guarantee that the results
are not mesh dependent. The cross-section of the slab was modeled using 9 section
points. Symmetry of the problem allows half of the beam to be modeled (symmetry
in x-direction, 381 mm).
Material properties shown in Table 2.3 were assigned to the rebars and the con-
crete cover. Interaction between the concrete and rebar, and loss of concrete stiffness
during cracking were modeled by adding tension stiffening to the concrete properties
through a built-in function available in ABAQUS (Abaqus Analysis User’s Manual,
Section 20.6.3 Concrete damage plasticity, [72]). A linear reduction in the ten-
sile strength of concrete beyond the cracking failure limit was assumed (Table 2.3).
Since the behavior of the structure is dominated by the tensile cracking of the slab,
the cracking model neglects failure in compression by allowing unlimited strength
in compression. An elastic-perfectly-plastic material model was assumed for the re-
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bars with no hardening after yielding. The rebar properties given in Table 2.3 are
representative of ambient properties. Temperature dependence of the Young’s mod-
ulus and yield stress for rebar was included in the model based on the guidelines in
Eurocode 1 [73].
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Figure 2.20: Reinforced concrete slab model, boundary conditions and bending loads.
A combined thermomechanical load was applied in the model. The mechanical
load is a constant and uniform line load as shown in Figure 2.20. A cyclic temperature
gradient through the thickness (y-direction, Figure 2.20) was applied to the RC slab.
For the thermal load, a representative temperature distribution was obtained from
a separate heat transfer analysis in ABAQUS. For this heat transfer model, the slab
cross-section was subjected to fire conditions for 8 hours as specified by Eurocode 1
[73]. In particular, convection and radiation at the bottom surface of the slab that
is exposed to fire and the top surface that is exposed to ambient conditions were
included to determine a representative thermal gradient in the case of fully developed
fire (as schematically shown in Figure 2.21). The convective heat transfer coefficients
46
(hc,a = 4 W/m
2K and hc,f = 25 W/m
2K for the surfaces exposed to ambient and
fire conditions, respectively), and surface emissivity (εm = 0.8) are also indicated in
Figure 2.21. An example Abaqus input file code for this type of analysis is given in
Section 3 of the Supplemental File submitted with this dissertation. The resulting
reduction of the temperature through the thickness with respect to distance from
the bottom surface is shown in Figure 2.22. This temperature gradient is assumed
to be consistent along the length (L) and width (w) of the slab.
Figure 2.21: Heat transfer analysis model used to obtain thermal distribution.
Figure 2.22: Nonlinear temperature gradient through the thickness obtained by the heat
transfer analysis. Note that the bottom surface is the one impinged by the fire.
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Full cyclic elastoplastic analyses were performed at various force levels and under
the same thermal distribution (as Figure 2.22) with a maximum temperature value
of 300oC. This maximum temperature was chosen as a threshold that does not cause
an excessive stiffness loss for the rebars (Young’s modulus and yield stress degrades
80% and 50% at 300oC according to Eurocode 1 [73]). First, the bending load
magnitude that causes the structure to reach its elastic limit (FEL) was found. Next,
in order to demonstrate shakedown behavior, the bending load was doubled to cause
local plastic deformation in the structure when combined with the thermal gradient
(F = 2 · FEL). An Abaqus/Explicit solver was used to apply 20 cycles of thermal
load under constant bending load and the equivalent plastic strain of the rebars was
monitored.
Table 2.3: Material properties of the concrete and rebar.
Concrete Properties
Youngs modulus 20 GPa
Poissons ratio 0.18
Yield stress 18.4 MPa
Failure stress 32 MPa
Plastic strain at failure 1.3·10−3mm/mm
Density 2400 kg/m3
Cracking failure stress 2 MPa
Rebar Properties
Youngs modulus 200 GPa
Yield stress 220 MPa
2.3.2 Shakedown results for RC structures
Distributions of axial stresses upon application of the last thermal cycle (#20) are
shown for loading levels on the RC slab that result in response just below the elastic
limit (Figure 2.23a) and within the shakedown regime (Figure 2.23b). In particular,
the thermal load is kept the same in Figures 2.23a and b, and the bending force
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is doubled in Figure 2.23b compared to Figure 2.23a to demonstrate shakedown
behavior. The results are for a slab cross-section at the rebar layer (see Figure
2.20). In these analyses, the critical rebar location where local plastic strains occur
is determined and highlighted in the black box in Figure 2.23b.
The thermomechanical load applied on the structure creates bending stresses
along both the length (L) and width (w) directions. Since the right-hand side of the
slabs are simply supported, the effect of an increased bending force is mostly seen
at the middle of the reinforcement layer (at the x-symmetry lines in Figure 2.23).
However, the reinforcing bars can carry only axial stresses that are along the length
direction. The nonuniformity of the axial stresses is attributed to the cracking of the
concrete under tensile loading.
Figure 2.23: Figure 3: Distribution of axial stresses for the slab at the a) elastic limit
(F = FEL) and b) shakedown conditions (F = 2 · FEL).
Figure 2.24 shows the axial stress versus axial plastic strain response of the critical
rebar location (boxed in Figure 2.23b) during the cycles of thermal. It is observed
that some plastic deformation develops at this location in the first loading cycle.
Due to the residual stresses in the rebar from unloading, the plastic strains stabilize
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in the subsequent loading cycles, leading to shakedown behavior. The shakedown
behavior presented in this example could be used in optimizing the design of the
RC beam. Namely the rebar type (e.g. diameter) and position could be chosen to
promote shakedown performance over a broader range of loading conditions.
Figure 2.24: Stress vs plastic strain response of the critical rebar location (highlighted in
Figure 2.23) demonstrating shakedown behavior.
Shakedown analysis for two-way reinforced concrete structures
In order to analyze more modern RC structures that incorporate two-way reinforce-
ments, two additional case studies were performed (Figure 2.25). In the first case, a
rebar diameter of 6 mm was used for the rebars in both directions. The bending load
magnitude that causes this structure to reach its elastic limit was found. A bending
load of a quarter of this magnitude was combined with a cyclic thermal gradient
found by a heat transfer analysis that represents the temperature distribution after
0.5 hours in the fire conditions specified by Eurocode 1 [73]. Here the shorter time
duration was used so that the maximum temperature of the rebars does not exceed
the 300oC threshold chosen in Section 2.3.1.
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Figure 2.25: Two-way reinforced concrete slab model.
Distributions of equivalent plastic strain at the peak of the last thermal cycle are
shown for the reinforcement layer in the width direction in Figure 2.26a. Evolution
of the equivalent plastic strain at the critical rebar location (red contour region in
Figure 2.26a) during thermal cycles is shown in Figure 2.26b. In this first case, the
reinforcement bars completely yield and the equivalent plastic strains do not stabilize
under the thermomechanical loading considered, causing unsafe structural response
(ratchetting).
In the second case study, the same thermomechanical loading is applied on a
similar structure with a rebar diameter of 12 mm. In this case, the loading creates
only a local plastic deformation in the rebar layer as shown in Figure 2.27a. Evolution
of the equivalent plastic strain at the critical rebar location (red region in Figure
2.27a) shows that the plastic deformation stabilizes after the first few cycles: the
structure safely shakes down and no accumulation of plastic strain in the subsequent
cycles is observed (Figure 2.27b).
In summary, the first test case (that has rebars with a diameter of 6 mm) is
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Figure 2.26: Case 1 with 6mm diameter rebars. a) Distribution of equivalent plastic strain
(PEEQ) for the reinforcement layer in the width direction upon application of last thermal
cycle and bending load. b) Evolution of equivalent plastic strain at the critical rebar location
during 20 thermal cycles.
inadmissible due to the complete yielding of the reinforcements and non-stabilizing
plastic strains. The structure experiences ratchetting which is an unsafe elastoplas-
tic behavior. In the second test case, although the rebars are beyond their elastic
limit, shakedown behavior assures no further accumulation of plastic deformation
with thermal cycles. The reinforcements can safely carry additional cyclic thermal
loading provided that the loading magnitudes are not increased. This simple exam-
ple illustrates the potential benefits of incorporating shakedown in the design of RC
structures to increase allowable loads when compared to elastic limits. This kind
of shakedown analysis could be used to more accurately assess structural integrity
or improve resiliency. In particular, the two cases presented in this section suggest
how designers could include shakedown considerations when sizing rebars. Similarly,
rebar distribution and/or graded sizes within the RC slab could be varied to exploit
shakedown behavior for resilient designs.
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Figure 2.27: Case 2 with 6mm diameter rebars. a) Distribution of equivalent plastic strain
(PEEQ) for the reinforcement layer in the width direction upon application of last thermal
cycle and bending load. b) Evolution of equivalent plastic strain at the critical rebar location
during 20 thermal cycles.
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Chapter 3
Experimental cyclic inelastic and
shakedown investigations
Metallic components often serve under repeated thermomechanical loading condi-
tions in nuclear engineering, aerospace, and automotive industries. Under cyclic
thermal and mechanical loadings, materials may inevitably exceed elastic limits. In
these cases, for applications not limited by high cycle fatigue, design methodologies
that avoid low-cycle fatigue and ratchetting failures are critical. Shakedown-based
design approaches can address this need, however they remain generally underuti-
lized (one notable exception is in nuclear engineering codes for pressure vessel design
[2, 3]). One reason for this is the lack of experimental shakedown studies of engineer-
ing materials and structures available in the open literature. Experimental demon-
strations of shakedown behavior and validation of analytical and numerical methods
are essential in order to convince designers to adopt shakedown-based approaches.
To date there is a shortage of tests involving cyclic, mechanical or thermomechanical
loads performed to investigate shakedown limits [24–29].
Pellissier-Tannon et al. performed cyclic uniaxial tension-tension and tension
compression tests at varying mean stress and stress amplitude values on a stain-
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less steel 316 material, and investigated critical stress limits for cyclic plastic strain
accommodation (alternating plasticity) at room temperature and 320oC [74]. The
shakedown behavior of a ferritic steel (20 MnMoNi 5 5) was investigated by Heitzer
et al. under multiaxial (tension-torsion) loading at ambient conditions. Thick-walled
hollow samples were subjected to cyclic tensile loads and constant torque. The au-
thors used several mean force and torque values to validate their numerical shakedown
limits. A few component-level experimental studies for the shakedown of metallic
structures were performed for steel bars and beams [75], steel tubes [76], the partial
penetration of welded nozzles in a spherical shell [77], multi-bar components [26],
and composite bridges [78, 79].
While direct experimental validation for the numerical case studies of structural
shakedown presented in Chapter 2 would be ideal, this is beyond the scope of this
dissertation. Instead in this chapter, simpler investigations of material shakedown
are presented for metals (SS 316L and IN625) relevant to the applications in Chapter
2. The testing equipment and material details are given in Sections 3.1 and 3.2. The
methods and results for uniaxial monotonic, creep, and cyclic inelastic tests on SS
316L and IN625 are given in Sections 3.3 and 3.4, respectively.
3.1 Test Equipment
An MTS 319.25 servo-hydraulic axial-torsional testing frame with an axial load ca-
pacity of 250 kN (55 kip) was used for the mechanical testing programs in this
chapter. Hydraulic grips with 1 in diameter were used to clamp cylindrical samples.
During thermal and mechanical phases of the tests, rotational movement of one of
the grips was free so that a zero torsional load was obtained on the samples. The
testing frame was equipped with and Ambrell 6 kW induction heating system for the
isothermal tests at elevated temperatures. An induction coil was designed to ensure
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visibility of the gage section of the samples during the tests for non-contact measure-
ments. The induction heating system provides rapid heating of the samples and a
consistent heat production throughout the isothermal tests. The thermomechanical
testing equipment used for all of the tests given in this chapter is shown in Figure
3.1.
Induction 
coil
Lower grip
Upper grip
Extensometer
Figure 3.1: Experimental setup and induction coil.
Strain measurements were performed using two different methods. A high-temperature,
axial-only, MTS 632.53E-11 extensometer with a 1 inch gage length and a high-
temperature MTS 632.68E-09 axial/torsional extensometer with a gage length of 2
inches were used to measure axial and axial/torsional strains in the gage length of
the samples. Strain signal from this extensometer was also used to control the servo-
hydrolic testing frame during monotonic and strain-controlled tests. No cooling of
the axial extensometer was required as the extensometer is rated for accurate strain
measurements up to 650oC without cooling. Water cooling was used for the ax-
ial/torsional extensometer to keep a steady temperature to reduce errors associated
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with heating the components of the extensometer. The physical extensometers were
accompanied by a stereo digital image correlation system for full-field, non-contact
measurements of mechanical fields on the sample surfaces in the gage section. A vir-
tual extensometer that is available in the DIC software was used for comparison with
the physical extensometer readings. This was used, for example, to ensure that heat
produced during the tests did not affect the accuracy of the extensometer that was
in physical contact with the samples. The stereo DIC system was also equipped with
a FLIR A655 infrared camera for temperature field measurements. The emissivity
value used in the thermography software was calibrated by placing thermocouples on
the sample and comparing with non-contact measurements. Full-field measurements
of strain and temperature were taken using the DIC and thermal imaging equipment
throughout all of the tests explained below (monotonic, creep, force-controlled, and
strain-controlled cyclic tests).
Using this equipment, before each thermomechanical test, samples were heated
until 600oC was reached in the gage section, and then they were soaked at this level
for 20-30 min. to ensure thermal stabilization. In Figure 3.2, a representative plot
of the maximum temperature change with time (Fig. 3.2a) and the temperature
distribution for a sample after thermal stabilization (Fig. 3.2b) are shown. It was
found from IR measurements that the target of 600oC was typically achieved within
10 degrees (590oC) or < 2% for the middle third of the gage section and 530oC or
< 12% for the gage extremities.
3.2 Materials
Different materials that are commonly used in pressure vessel and aerospace indus-
tries were tested. Annealed 316L stainless steel was used for the uniaxial tests in
Section 3.3 because it has broad applications across different industries where shake-
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Figure 3.2: a) Heating of the samples and b) temperature distribution upon thermal stabi-
lization.
down based designs may significantly enhance performance. For example, SS 316L is
used in engine, exhaust and pressure vessel parts in aerospace, automotive, gas tur-
bine and nuclear industries. Also, its mechanical behavior at ambient and elevated
temperatures are reported by many authors and available for comparison. IN625
alloy is also used because it is a common nickel-based alloy used in aerospace (and
other industries) due to its high strength and resistance to creep and corrosion at
elevated temperatures. Its elastoplastic behavior in force-controlled conditions has
drawn little attention and is the main focus of Section 3.4.
SS316L and IN625 samples used in the uniaxial tests were machined from 1 in
diameter rods to obtain the final dimensions shown in Figure 3.3, following the
recommendations in standards ASTM E8, A370, and E466 [80–82].
⌀
 
63.5
38.1
R101.6
12.725
.4
Units: mm
Figure 3.3: Dimensions of the samples used in the uniaxial tests in this study.
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Table 3.1: Chemical composition of the materials used in this study.
SS316L
%C %P %Si %Ni %Cu %N %Ti %Sn %Ta %W
.024 .028 .65 12.12 .4 .051 .005 .011 .003 .076
%Mn %S %Cr %Co %Mo %Cb %Al %B %V
1.79 .024 17.47 .259 2.02 .03 .005 .001 .06
IN625
%C %P %Si %Ni %Ti %Mn %S %Cr %Mo %Al
.04 .003 .06 60.79 .22 .05 .001 22.31 8.70 .18
%Cb %Fe
3.52 3.9
3.3 Cyclic uniaxial tests on SS316L
Type 316 stainless steel is a corrosion-resistant material that has good mechanical
performance at high temperatures (up to 650oC). While elastoplstic design has been
implemented in the codes for pressure vessels made of 316 stainless steel, the codes
allow the use of the inelastic analysis only if elastic analysis fails to create a feasible
design. This severely limits the benefits of shakedown design. Stainless steel 316L is
also widely used across gas turbine, and marine industries but the opportunities to
realize durability or lightweighting benefits through shakedown have been overlooked.
Due to the importance of cyclic uniaxial loadings in design scenarios [83–97], this
shakedown study will focus on cyclic tension-tension and tension-compression loading
conditions for stainless steel 316L.
Several researchers have investigated the cyclic uniaxial behavior of stainless steel
type 316 under ratchetting conditions where the cyclic plastic strain continuously
increases and results in failure [74, 92, 98–102]. It is well-known that austenitic
stainless steels show rate-dependent creep deformation even at room temperature.
It has also been shown experimentally that considerable creep deformation takes
place under cyclic uniaxial loads and cyclic creep behavior depends strongly on the
temperature for stainless steel type 316 [98, 101, 103, 104] and type 304 [105–110].
Nomine et al. performed uniaxial cyclic tension tests prior to and after constant
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stress creep tests at room temperature [101]. This provided insight regarding the
interaction between creep and the cyclic plastic deformation of stainless steel 316L at
ambient temperatures. They reported that when the creep deformation is exhausted
before cyclic tension tests (with a maximum stress equal to the creep stress) cyclic
strain accommodation (shakedown) takes place rapidly.
Although creep is classically considered a thermally activated mechanism and
expected to become more severe with increasing temperature, it has been estab-
lished that stainless steels show substantial creep up to 200oC, reduced creep from
250-600oC, and increasing creep severity with temperature beyond 600oC. This
anomalous behavior between 250-600oC is associated with the dynamic strain aging
(DSA) phenomenon, which is attributed to the presence of solute atoms restricting
dislocation movement [111, 112] and reducing creep deformation. Typically, DSA
is activated at 250 - 300oC (depending on the alloy) and at strain rates between
1× 10−2 − 1× 10−4[mm/mm/s] and disappears at temperatures above 600 - 700oC
[113–116]. When DSA disappears (above 600 - 700oC), creep deformation becomes
more severe. DSA also contributes to different mechanical behaviors under monotonic
and cyclic loading conditions. Under strain-controlled monotonic loading, serrated
yielding occurs due to dynamic strain aging. It has also been shown that the low-
cycle-fatigue performance (associated with alternating plasticity) is effected by DSA:
fatigue life decreases significantly when DSA conditions exist [115, 117–122].
The interaction between creep, DSA and cyclic plastic deformation is complex
and requires further investigation in order to evaluate shakedown benefits. In this
section, we examine the cyclic behavior of stainless steel type 316L at a maximum
temperature of 600oC, where creep and DSA are interacting (reduced creep observed
when DSA is active) and at ambient temperatures where DSA is inactive (and creep
dominates). In the presence of these mechanisms, we determine the safe elasto-
plastic shakedown limit of the material under cyclic uniaxial loading. We do this
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experimentally by constructing Bree-like load interaction diagrams.
This study on SS316L is organized as follows. First, the experimental procedures
used in the study are detailed in Section 3.3.1. Mechanical properties are determined
through monotonic tests at varying strain rates at ambient and 600oC and reported
in Section 3.3.2. Uniaxial cyclic test results above the elastic limit of stainless steel
316L in force control are also given. Some cyclic tests at ambient conditions are
repeated after a creep test in order to show the effect of creep deformation on the
cyclic plastic strain accumulation in Section 3.3.2.
3.3.1 Test methods
Monotonic test methods
Monotonic strain-controlled tests at ambient and elevated temperature conditions
were performed to investigate the mechanical properties and the rate-dependency of
the tested material. This was achieved by incrementally increasing and decreasing
the strain rate during monotonic tests by two orders of magnitude similar to the
procedure applied in Portier et al. and Kang et al. [99, 108]. The strain rates
used in these tests are: ˙ = 3 × 10−3, 3 × 10−4, and 3 × 10−5. Uniaxial strains
during the monotonic tests were analyzed using both the axial MTS extensometer
and DIC. For the DIC, digital images of the samples were acquired at a constant
rate of 2 Hz. With this rate, 10 data points were obtained when the strain rate was
largest (˙ = 3 × 10−3) between the strain ranges of 2-3% and 5-6% (Figure 3.6). A
virtual extensometer method available in the DIC software was used to record the
uniaxial strain for a 1 inch gage section. For elevated temperature tests, the same
procedures were used, however, the samples were also heated prior to initializing the
strain-controlled phase. The samples were heated with the induction heater until a
maximum temperature of 600oC measured with a FLIR A655 thermal camera was
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obtained. Then the samples were held at the same temperature for 20-30 min. to
stabilize the thermal field in the testing area (Section 3.1).
Force-controlled cyclic test methods
The strain response of stainless steel 316L under stress cycles at non-zero mean
stress is the main focus in this study and is analyzed using uniaxial force-controlled
experiments. These tests are used to find the safe force limit that would result in
stable cyclic behavior (shakedown). In this type of test, each sample is loaded to
a non-zero mean stress, from which the stress is then cycled by a pre-determined
stress amplitude as shown in Figure 3.4. Each sample is tested under three mean
stress levels. In these tests all three samples were subjected to N = 100 cycles at
the smallest mean stress levels and N = 150 cycles at the two larger mean stress
levels. Using one sample under subsequent increasing stress levels has been shown to
have a negligible effect on the measured cyclic behavior for stainless steel 316 [123].
This was demonstrated by first testing a single sample at different cyclic strain levels
between 0-4%. Then separate samples were used to test each strain level. The results
from both types of tests were compared and shown to have negligible difference.
Cycles
σmean
σamp
σ
0
100 Cycles
150 Cycles
150 Cycles
Figure 3.4: Cyclic uniaxial loading.
At non-zero mean stress, depending on the loading magnitude and active defor-
mation mechanisms, the material may exhibit a safe cyclic elastoplastic response
where the accumulation of plastic strain with cycles arrests (shakedown). When the
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loading magnitude is above the shakedown limit, stabilization of the plastic strain is
not possible and undesireable cyclic plastic behaviors may result (alternating plas-
ticity or ratchetting). In addition to cyclic plastic straining, the material may also
undergo continuous deformation due to creep if active. Although the stress on the
sample is cycled, the presence of stress may trigger creep strain and can affect the
cyclic behavior [101, 108–110]. In this way, the creep deformation is expected to be
larger at high stress levels and when the stress is increasing, and to be diminished at
the low stress levels and/or during unloading. As demonstrated by the monotonic
tests under various strain rates, the rate-dependent behavior of the material is more
pronounced at ambient temperatures; and a very limited rate-sensitivity is observed
at 600oC in this study. Hence, it is expected that the material will experience more
creep deformation at ambient conditions and negligible creep at 600oC (presumably
associated with DSA).
Creep-cyclic plasticity interaction test methods at ambient
Tests patterned after Taleb and Cailletaud [124] are used to investigate the con-
tribution of creep deformation on the cyclic accumulation of plastic strain in the
force-controlled cyclic experiments. The loading history of this test is illustrated
schematically in Figure 3.5. In this test, a sample is first subjected to 3 constant
stress levels (corresponding to the maximum stresses at each cyclic level of the tests
in Figure 3.4). The duration of the creep tests were set equal to the duration of the
stress cycles in the original cyclic test (Figure 3.4). Then the sample was subjected
to the original stress cycles at the highest level of the cyclic force-controlled test.
In this creep-cyclic test, if the creep deformation is exhausted during the constant
stress portion and cyclic stabilization occurs during the force cycles, then one can
conclude that creep deformation dominates the cyclic inelastic strain accumulation
in the original cyclic tests. Conversely, if the creep deformation is exhausted and
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cyclic stabilization does not occur, then the implication is that cyclic plasticity (e.g.
ratchetting) is more significant when compared to creep deformation.
Time
σ Creep Cyclic
σamp
150 Cycles
Figure 3.5: Creep-cyclic uniaxial loading.
3.3.2 Test results for SS316L
Monotonic test results for mechanical properties
Results of the monotonic tests at ambient and elevated temperatures are shown
in Figure 3.6. The true stress - true strain response is given for three rates: ˙ =
3×10−3, 3×10−4, and 3×10−5. The strain measured by the MTS extensometer is in
black and superposed are the measurements from DIC in red. The Young’s Modulus
(E), linear elastic limit (σoy) and 0.2% yield stress (σ
0.2%
y ) of the material at ambient
and the elevated temperature are determined from the monotonic tests and shown
in Table 3.2.
Table 3.2: Mechanical properties of the material at ambient and elevated temperature.
Temperature E [GPa] σoy [MPa] σ
0.2%
y [MPa]
Ambient 189 149 331
600oC 153 79 213
The distinct steps in strain rate levels are clearly visible for the ambient results
(confirming strain-rate dependency). In particular, rate-dependency is evidenced at
ambient temperature in Figure 3.6 as the material showing a larger stress response at
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faster strain rates than the stress response at slower rates. At 600oC, the strain rate
dependency is no longer evident (i.e. there is very little difference between the stress
responses for the different strain rates). It is well known that austenitic stainless steel
alloys show rate-independence at temperatures between 350-600 oC. This decrease in
the rate-dependency is associated with the dynamic strain aging phenomenon [108,
113–116, 119, 125–128]. At temperatures above 600oC, the material recovers rate-
dependency as the dynamic strain aging disappears (not shown here). In addition, at
600oC, serrated flow is seen. This behavior has been reported elsewhere for stainless
steel 316 at 600oC for relatively faster strain rates [113–117, 129, 130]. Serrated flow
is caused by the interactions between solute atoms and mobile dislocations in the
microstructure and it is commonly used as an indication of DSA [129, 130].
 
ϵ = 3x10-3 [1/s]
[1/s]
[1/s]
ϵ = 3x10-4
ϵ = 3x10-5
 
Figure 3.6: Monotonic test results at ambient and 600oC.
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Summary of test program at ambient and 600oC:
By applying various mean stresses and stress amplitudes on the samples (Figure 3.7),
we are able to experimentally determine the limit above which plastic strain does
not stabilize (the boundary between shakedown and undesirable inelastic behavior).
Figure 3.7 is a Bree-like load interaction diagram that shows the tests conducted
in terms of normalized mean stress versus stress amplitude at ambient (Fig. 3.7a)
and 600oC (Fig. 3.7b). Tests performed on samples #1, 2 and 3 are shown in open
circles, diamonds, and triangles, respectively for ambient and on samples #4 and 5 in
open squares and right pointing triangles for 600oC. Superimposed on these Bree-like
load interaction diagrams, are analytical limits for elastic (σoy), 0.2% yield (σ
0.2%
y ),
and a cut-off stress corresponding to 5% strain (σ5%) using a von Mises criterion.
σoy and σ
0.2%
y are from Table 3.2 and σ
5% is introduced as a maximum cut-off limit
that could be used for the design of structures (design considerations are explained
later in Section 4.2). All maximum stress levels applied on the samples are above the
material’s linear elastic limit (σoy, dashed black line) determined from the monotonic
tests.
(a) (b)
Figure 3.7: Experimental program for the force-controlled cyclic tests on SS 316L.
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Ambient force-controlled test results:
Results of the force-controlled tests are shown in Figure 3.8 for three samples at
ambient temperature. True stress versus strain response of the samples under cyclic
loading are given in Figures 3.8a, c and e. The maximum strain at cyclic stress peaks
is shown in Figures 3.8b, d and f and the strain increment per cycle ( ∆
∆N
) at the end
of cycling at each level is shown for the samples. The stress-strain plot in Figure 3.8a
shows the hardening of the material during loading between the mean stress levels
and the strain accumulation during force cycling at the highest load level. Evolution
of the maximum strain per cycle is extracted from the stress-strain data and plotted
in Figure 3.8b.
It is shown in Figures 3.8b, d and f that plastic strain accumulation stabilizes
(suggesting shakedown, ∆
∆N
∼= 0) at the first two stress levels. However for the largest
stress level, although the cyclic strain rate significantly decreases, no stabilization
occurs (suggesting ratchetting). However, in the stress-strain diagrams in Figures
3.8a, c and e near the stress peaks of the last stress level, rounded peaks are ob-
served. These rounded peaks indicate that creep deformation is taking place [131].
In particular, strain continues to increase even after the stress reaches the maximum
point and starts to decrease.
The implication is that the cyclic strain accumulation observed at the largest
stress level in the samples 1, 2, and 3 is dominated by creep deformation and not
cyclic plastic deformation (ratchetting). This is supported by several factors. First,
in order for ratchetting deformation to occur, a stress amplitude larger than 2 times
the initial size of the yield limit of the material should be applied at non-zero mean
stress [123]. This criterion is schematically illustrated in Figure 3.9 assuming only
kinematic hardening. When the stress amplitude is smaller than 2 times the initial
yield surface size (σoy), after hardening during the loading portion of the first cycle, the
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Figure 3.8: Hysteresis loops and peak strain evolution per cycle demonstrating the stable
(shakedown) and unstable behavior of the samples.
yield surface remains unchanged. This is because, upon the removal and reloading of
the axial load, the stress state will stay within the new yield surface and will not cause
any further plastic deformation (Figure 3.9a). When the stress amplitude is larger
than 2 times the initial yield surface size, the cyclic loading would cause an evolution
of the yield surface both at the minimum and maximum stress levels (Figure 3.9b).
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When combined with the isotropic hardening and limiting surface for the backstress,
the latter would cause accumulation of the plastic strain (ratchetting). The reader
is referred to Lemaitre and Chaboche, Section 5.4.4 for further information on this
behavior [123].
Secondly, it is shown by Nomine et al. by similar experiments on stainless steel
316L at room temperature, that strain accumulation under cyclic axial tension loads
is due to creep deformation [101]. This is demonstrated Nomine et al. by perform-
ing constant stress creep tests prior to cyclic tension tests (with a maximum stress
equal to the creep stress). As a result, once the creep deformation is exhausted
before tensile cycling, cyclic strain increments are accommodated rapidly (shaking
down), and showing no ratchetting deformation. Thirdly, as it will be shown later
for elevated temperature tests, when creep is reduced in the DSA regime, no ratch-
etting deformation is observed at similar normalized load amplitudes. The effect of
creep deformation on the room temperature cyclic shakedown tests will be further
investigated in this study, through a creep-cyclic test in Section 3.3.2.
σo σ11yσamp < 2σoy
√3𝜏12Initial yield
surface
Subsequent
yield surface
σo σ11yσamp > 2σoy
√3𝜏12
Initial yield
surface
Subsequent
yield surfaces
a)
b)
Figure 3.9: Illustration of ratchetting condition under uniaxial loading.
The second and third samples are tested at ambient at larger stress amplitudes
than the first sample (Figure 3.8c-f). The amplitudes used for these samples were
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large enough to cause compressive stresses when the applied force is a minimum. A
hysteresis loop becomes visible at the largest loading level of the third sample (Figure
3.8e). This indicates that creep deformation is combined with time-independent
cyclic plastic deformation (alternating plasticity or ratchetting). If the amplitude
were increased further, cyclic plastic behaviors (alternating plasticity or ratchetting)
would become more critical in the uniaxial cyclic tests. The importance of combined
ratchetting-creep deformation in the uniaxial cyclic behavior of stainless steel 304
has been reported by Yoshida [105] and, Taleb and Cailletaud [124] but is not the
focus of this study.
Expansion of feasible design space (by 2 times) for SS316 at room temperature
is demonstrated using the Bree load-interaction diagram in Figure 3.10 based on
the experimental program given in Figure 3.7 (markers indicate the experimental
points used at ambient). Stress amplitudes above the largest experimental value
(σamp/σ
o
y = 2.7) are not considered and are grayed out in Figure 3.10. This is done
because undesirable time-independent cyclic plastic behaviors (ratchetting, alternat-
ing plasticity) are expected.
Stable Exp. Points
Unstable Exp. Points
Figure 3.10: Bree load interaction diagram showing the shakedown (SD) limit of the ma-
terial at ambient conditions.
70
Force-controlled test results at 600oC
A similar procedure was applied on two more samples at a constant elevated temper-
ature of 600oC where a small stress amplitude and a large stress amplitude case was
investigated (Figure 3.11). The true stress-strain response of the material is given
in Figure 3.11a and c and corresponding maximum strains at stress peaks are given
in Figure 3.11b and d. In all of the loading cases, stabilization of the cyclic plastic
strain was observed ( ∆
∆N
∼= 0, indicating shakedown). As shown in the monotonic
test results in Figure 3.6, rate dependency of the material is suppressed, suggesting
negligible creep deformation. This is supported by the stress-strain cycles in Figure
3.11a as no rounded peaks or strain accumulation is seen in the material response.
In all loading cases, an elastic cyclic behavior is recovered after substantial plas-
tic deformation. This indicates that the shakedown performance of the material is
enhanced at the elevated temperature considered in this study. This provides mo-
tivation for expanding the safe-use limits of structures made of stainless steel 316L
using shakedown-based design methods.
Expansion of feasible design space for SS316 at 600oC is demonstrated using the
Bree load-interaction diagram in Figure 3.12 based on the experimental program
given in Figure 3.7 (markers indicate the experimental points used at 600oC). Stress
amplitudes above the largest experimental value (σamp/σ
o
y = 3.3) are not considered
and are grayed out in Figure 3.12. This was done because undesirable alternating
plasticity is expected which limits the shakedown domain. The shakedown limit (blue
squares) is estimated to be coincident with the 5% strain cut-off limit (Figure 3.12).
This is done because no incremental accumulation of plastic strain (ratchetting or
creep) was observed in the tests performed at this temperature. Because there is
effectively no creep deformation, the material is expected to show a stabilized cyclic
response at all stress levels below the collapse limit (not shown).
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Figure 3.11: Hysteresis loops & peak strain evolution per cycle demonstrating the stabi-
lization of the cyclic plastic strain at elevated temperature.
Stable Exp. Points
Shakedown Limit
Figure 3.12: Bree load interaction diagram showing the shakedown (SD) limit of the ma-
terial at 600oC.
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At 600oC, the shakedown limit is estimated to be coincident with the 5% strain
cut-off limit as shakedown is expected at all loading levels below the collapse limit.
This suggests further expansion of the potential feasible design space based on shake-
down: 4 times when compared to the linear elastic limit.
Creep-cyclic test results at room temperature:
In this section the results of creep-cyclic tests at room-temperature (Section 3.3.1)
are used to identify the contribution of creep deformation in the ambient force-
controlled cyclic experiments. The small-amplitude force-controlled cyclic test at
ambient conditions (Figure 3.7a, Sample 1) is repeated after a sample was subjected
to constant stress at the maximum stress levels of the cyclic test (i.e. 210, 290, 375
MPa). The creep time was set to the duration of the stress cycles in the original
cyclic test (i.e. 45 minutes at the smallest stress level and 66 minutes at the other
two stress levels.). After the creep test at the largest stress level, the sample was
subjected to the original stress cycles (from Figure 3.8a).
Figure 3.13 shows the results of the creep-cyclic tests at ambient. Creep de-
formation at the three maximum stress levels of the cyclic test is shown in Figure
3.13a. This is shown as axial strain as a function of time recorded by DIC (crosses)
and extensometer (black line) with good agreement. It is observed that while the
creep deformation stabilizes at the first two stress levels, unstable creep deformation
occurs at the largest stress level within the duration of the creep test. The mate-
rial’s stress-strain response to the stress cycles after the creep test and peak strain
at stress peaks are also shown in Figures 3.13b and c. When compared to the cyclic
force-controlled test shown in Figure 3.8a,b (performed at the same mean stress and
stress amplitude), plastic strain in the creep-cyclic test stabilizes with cycles. This
stabilization occurs because the creep deformation is mostly exhausted in the initial
creep phase of the test.
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Figure 3.13: Creep-cyclic test results. a) Creep strain evolution at three stress levels, b)
true stress-strain response to the load cycles after the creep phase, and c) Maximum strain
at stress peaks during load cycles after the creep phase.
The results suggest that the cyclic strain accumulation in all three samples at
ambient conditions is dominated by creep deformation. For this reason, the results
of the creep test will be used to determine the parameters of a numerical creep model
(Chapter 4). This model will then be used to investigate the cyclic creep behavior
of the material at different mean stress and stress amplitudes in Section 4.1 to aide
in determining the shakedown limit (stable cyclic inelastic behavior) of the material.
3.4 Cyclic uniaxial tests on IN625
The nickel-based superalloy Inconel 625 (IN625) has been primarily used in aerospace,
pressure vessel, marine, and gas turbine applications. The material is preferred in
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these applications for its high strength, corrosion resistance and creep resistance at
elevated temperatures up to about 1140 oC (2100 oF ) [132–137]. Often the service
conditions for this material involve complex cyclic thermomechanical loadings, and
in some cases, such as hypersonic flight, could involve relatively few cycles. Con-
ventionally, first-yield based methods are used for the design of aerospace structures
to avoid plastic behaviors that lead to failure. However, design methods based on
purely linear elastic behavior may also fail to find feasible or lightweight solutions.
Thus, inelastic analysis (for shakedown) may be required to accurately assess the
load-bearing capacity of thermostructural components in extreme environments.
Inelastic shakedown-based design methods require load-contolled tests to deter-
mine safe loading limits to achieve shakedown behavior. In contrast, the cyclic inelas-
tic behavior of IN625 has mostly been investigated through strain-controlled tests for
low-cycle-fatigue (LCF) life [138–140]. In this way, there is a lack of studies investi-
gating the material’s behavior under force-controlled conditions in the literature. As
one notable exception, the cyclic inelastic behavior of IN625 was investigated under
both strain-controlled and force-controlled conditions by Suave et al. [139]. In par-
ticular, the authors study the effect of age hardening on the mechanical properties,
low cycle fatigue, and ratchetting response as well as microstructural changes during
the cyclic loading at elevated temperatures. They concluded that age hardening im-
proves the LCF performance, due to strengthening by the γ′′ precipitate formation.
They also observed that age hardening results in lower ratchetting rates.
Additionally, as demonstrated in Section 3.3 for stainless steel, understanding
interactions between cyclic plastic behaviors and rate-dependent behaviors such as
dynamic strain aging (DSA) is of great importance to develop more robust design
strategies. The effect of DSA on the behavior of IN625 in load-controlled tests is also
unknown due to lack of published experiments of this type in the inelastic regime.
Based on strain/deformation based data, IN625 shows DSA behavior at a wide range
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of temperatures (250 - 750oC) and strain rates (10−5 - 10−3 1/s) [141–144]. DSA is a
strengthening mechanism caused by solute atoms that restrict dislocation movement
in the microstructure. DSA results in rapid fluctuations (serrated yielding) in the
macroscopic stress-strain behavior. It has been observed through a set of tensile tests
that the critical strain for the onset of DSA for IN625 decreases with temperature
and increases with strain rate in the temperature range of 250-450oC. Above 450oC,
the effects of temperature and strain rate on the critical DSA strain are not as clear
[141, 142]. In addition to standard tensile tests, Maj et al. performed high-speed
compression tests on IN625 at strain rates of 0.1, 1, and 10 s−1 at 600oC [145].
They observed serrated yielding effects (an indicator for DSA) even at the largest
strain rate in compression. To the best of the authors’ knowledge, this dissertation
is the first to present the effect of the DSA on the inelastic stress-strain behavior in
force-controlled tests in the literature.
In the following, the intent is to motivate inelastic design strategies, (that could
be used for example, to support hypersonic flight) by demonstrating macroscopic
shakedown behavior for IN625 at 600oC in the presence of rate-dependent behaviors
(DSA). Testing methods used in this study are described in Section 3.4.1. Experi-
mental results and discussions are presented in Section 3.4.2.
3.4.1 Test methods
Monotonic strain-controlled tests for rate-dependent DSA behavior
Three monotonic tests were performed at 600oC in strain control using the MTS
extensometer and FlexTest 40 controller. Three samples were tested at various strain
rates (˙ = 3·10−5, 3·10−4 and 3·10−3s−1 ) in order to investigate the rate dependency
of the mechanical properties and DSA behavior. During the monotonic test on one of
the samples, the strain rate was incrementally increased and decreased to check the
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strain rate history effect (Figure 3.17 shows results). All three samples were loaded
up to a 5% maximum strain, approaching collapse, but limited in order to protect
the MTS extensometer.
Mechanical properties of the material such as the linear elastic limit (σoy), 0.2%
yield limit (σ0.2%y ), 2% cut-off limit (σ
2%
cut−off ), and 3% cut-off limit (σ
3%
cut−off ) were de-
termined as the average of three monotonic uniaxial tests in strain-control at 600oC,
and their values are given in Table 3.3. Yield limit is found to be the same in tension
and compression. The tests were performed up to a 5% strain, and approaching col-
lapse, at various strain rates from 3 · 10−5 - 3 · 10−3 s−1. The maximum of 5% strain
was also chosen in order to protect the extensometer used for strain measurements.
In the design of some engineering structures, maximum accumulated inelastic strain
is restricted by design standards. The cut-off limits are superimposed on Figure 3.6
to represent the allowable stress for a maximum cut-off strain level that could be
used for the design of structures.
Table 3.3: Mechanical properties of the material at 600oC .
σoy σ
0.2%
y σ
2%
cut−off σ
3%
cut−off
362± 17 MPa 473± 6 MPa 516± 4 MPa 550± 7 MPa
Strain-controlled cyclic test methods
Symmetric cyclic tests were performed in strain control using the MTS extensometer
and FlexTest 40 controller (Section 3.1). Increasing levels of symmetric strains,
±0.3%, ±0.4%, ±0.6%, ±0.8% and ±1% were applied at 600oC to investigate the
cyclic hardening behavior of the material with a strain rate of ˙ = 6 · 10−3 1/s. This
rate corresponds to the post-yielding rate targeted in the force-controlled cyclic tests
(Section 3.3.1). One hundred cycles were applied at each strain range, and the test
was repeated twice. A schematic of the loading for these tests is shown in Figure
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3.14. In order to check the effect of strain cycles at smaller levels on the behavior in
the largest strain range, two more samples were tested only at ±1% with the same
strain rate (˙ = 6 · 10−3). In these two additional tests, 100 cycles were also applied.
Cycles
σ
100 Cycles
Δε
0
±0.3% 100 Cycles
±0.4% 100 Cycles
±0.6% 100 Cycles
±0.8% 100 Cycles
±1%
Figure 3.14: Loading conditions used in the strain-controlled tests.
Force-controlled cyclic test methods
Force-controlled cyclic tests were performed in order to establish whether or not
shakedown states were achieved for a variety of cyclic tension-compression loading
levels with non-zero mean stresses, listed in Table 3.4. In these tests, samples were
first loaded to a non-zero mean stress (Figure 3.15a). Then, the stress was cycled
with a predetermined amplitude; the loading rate was fixed at 15 MPa/s. The mean
stress ans stress amplitude levels (Table 3.4) were set such that the stress state in
each sample would exceed the 0.2% yield stress (σ0.2%y ) of the material during both
loading and unloading for each cycle. This behavior is expected to cause ratchetting
or alternating plasticity at large amplitudes and is illustrated in Figure 3.16. Note
that each sample was tested at three stress amplitudes (for example, 1a, 1b, 1c, Table
3.4) while the mean stress on the sample was kept constant, as shown in Figure 3.15a.
The purpose of testing one sample at multiple levels was to reduce the cost and time
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for testing. It will be shown later in Section 3.4.2, that performing these tests
with consecutively increasing load levels on a single sample is negligably different
from individual tests on separate samples (following example cyclic plasticity testing
procedures presented in Chaboche and Lemaitre [123]).
1a 1b 1c
4a 4b 4c
7a 7b 7c
10c10b10a
Cycles
σmean
σ
100 Cycles
σamp
100 Cycles
100 Cycles
0
1a
1b
1ca)
b)
Figure 3.15: a) Tension compression cycles applied in force-controlled cyclic ex-
periments, b) load-interaction diagram showing the loading sets used in the force-
controlled cyclic tests Table 3.4.
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Figure 3.16: An example of stress conditions in the force-controlled cyclic tests.
This procedure was used to investigate various mean stresses ranging from tension
to compression. In order to facilitate comparison, when the mean stress was changed
from tensile to compressive, the stress amplitude was set such that the maximum
absolute stress on the samples stayed the same (Table 3.4). Repeatability was es-
tablished by testing additional samples under the same loading conditions (samples
#2, #5, #6, #8, and #11 are marked by “(r)” for repetition in Table 3.4). During
all tests, 100 cycles were applied for each loading case (a, b or c). Also, one sample
was tested directly at the largest stress amplitude for some of the mean stress cases
(samples #3, #9, and #12 are denoted “single-level” in Table 3.4) to check if there
was any effect of the prior cycles at smaller stress amplitudes on the behavior during
the subsequent load levels (history effect).
In order to better visualize the testing program from Table 3.4, it is also presented
in a load-interaction diagram in Figure 3.15b. 0.2% yield (σ0.2%y ), 2% strain and 3%
strain cut-off limits (σ2%cut−off , σ
3%
cut−off ) are superimposed on the load-interaction di-
agram with the values given in Table 3.3. The limits of the load-interaction diagram
are set such that all of the loading combinations shown cause yielding in both ten-
sion and compression. In particular, minimum and maximum limits of the stress
amplitude along the x-axis are set to 2 · σ0y = 740 MPa and 2 · σ3%cut−off = 1100
MPa to ensure plastic deformation at the minimum and maximum stress reached
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Table 3.4: Cyclic tests performed in force control. All stress values are in MPa.
Sample
Description
(r: repetition)
Mean Stress
[MPa]
Stress Amplitude Maximum Stress
a b c a b c
1 Multilevel 36 905 956 1035 489 514 554
2 Multilevel (r) 36 905 956 1035 489 514 554
3 Single-level 36 1035 554
4 Multilevel 72 833 883 963 489 514 554
5 Multilevel (r) 72 833 883 963 489 514 554
6 Multilevel (r) 72 833 883 963 489 514 554
7 Multilevel -36 905 956 1035 -489 -514 -554
8 Multilevel (r) -36 905 956 1035 -489 -514 -554
9 Single-level -36 -1035 -554
10 Multilevel -72 833 883 963 -489 -514 -554
11 Multilevel (r) -72 833 883 963 -489 -514 -554
12 Single-level -72 963 -553.9
during a cycle without exceeding the 3% strain cut-off limit of the material. Mean
stress limits along the y-axis are bounded by the condition that the maximum stress
should not exceed the 3% strain cut-off limit. The data points in Figure 3.15b in-
dicate the loading sets used in the testing program, Table 3.4. While the cyclic
force-controlled tests can be used to establish shakedown, ratchetting or alternating
plasticity responses, strain-controlled tests are also required in order to investigate
the influence of the DSA behavior (which has been shown to be rate-dependent for
IN625 [141, 142]) on the cyclic inelastic responses observed.
3.4.2 Uniaxial test results for IN625
Monotonic test results for mechanical properties
Strain-controlled monotonic test results from the three samples at different rates are
shown in Figure 3.17. Axial stress-strain plots in this figure correspond to a sample
tested at strain rates of ˙ = 3 · 10−5, 3 · 10−4, and 3 · 10−3 (black dots), a sample
tested at a constant rate of ˙ = 3 · 10−5 (red dots) and one at ˙ = 3 · 10−4 (blue
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dots) respectively. The linear elastic limit (σoy), 0.2% yield limit (σ
0.2%
y ), 2% cut-off
limit (σ2%cut−off ), and 3% cut-off limit (σ
3%
cut−off ) given in Table 3.3 are superimposed
on the stress-strain curves in Figure 3.17 as horizontal dashed lines. These limits
are useful to compare with the strain levels obtained in the force-controlled tests in
Section 3.4.2.
Figure 3.17: Monotonic test results at 600oC .
These monotonic tests at different strain rates show that the rate-dependency
of the mechanical properties is negligible. Dynamic strain aging behavior (serrated
yielding) was observed at all of the strain rates used in these tests. The amplitude
of the serrations in the monotonic tests vary widely; however, the critical strain at
the onset of serrations decreased with the strain rate. For example, the DSA started
at larger strain levels when the strain rate was the smallest (˙ = 3 · 10−5). The
implication is that DSA may be in effect at a wide range of rates (e.g. 10−5 − 10−3)
and may start at very small strains in the force-controlled tests if the rate is larger
than the fastest rate used in the monotonic tests (˙max = 3 · 10−3).
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Strain-controlled cyclic test results
Representative results of the cyclic strain-controlled tests under increasing levels of
strain ranges (±0.3%, ±0.4%, ±0.6%, ±0.8% and ±1%) are shown in Figure 3.18.
The stabilized cycle stress-strain loops (at cycle #100 for levels 0.3-0.8%, and before
failure for strain level of 1%) of each strain range (Figure 3.18a) and the evolution of
the stress peaks throughout the entire test (Figure 3.18b) are given. It is observed
that the material cyclically hardens when the strain range is above ±0.6%. The
maximum stress reaches 800 MPa (in compression), and the sample failed after 60
cycles in the last level of the test when the strain range was ±1%.
Figure 3.18: Representative strain-controlled test results of a sample tested under consec-
utive increasing strain ranges at 600oC .
DSA was observed during the strain-controlled cyclic tests both in tension and
compression at strain ranges of ±0.6%, ±0.8% and ±1% in the initial cycles and dis-
appeared during the cycling at ±0.6% and ±0.8%. However, at the ±1% strain level,
the DSA effect persisted during all cycles until failure. Thus behavior is especially
evident through serrations in the boxed regions in Figure 3.18a.
In order to check the effect of the previous cycling at smaller strain ranges on the
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cyclic behavior for the last strain level (i.e. effect of the first 400 cycles in Figure
3.18b on the behavior during the final ±1% cycles), two additional samples were
tested for 100 cycles only at the ±1% strain level. The evolution of the stress-strain
loops at intermediate cycles and peak stresses plotted against cycle number for all
100 cycles are shown in Figures 3.19a and 3.19b, respectively. The results show that
the sample cyclically hardened for approximately 50 cycles and then stabilized for the
remainder of the test. DSA behavior is also observed in the tensile and compressive
yielding portions of the hysteresis loops in Figure 3.19a.
a)
2
20
40, 60, 80, 100
Cycle #
b)
Figure 3.19: Strain-controlled test results of a sample tested at ±1% at 600oC .
Comparison of the representative behavior of the two tests without prior loading
history shown in Figure 3.19 with the sample tested at multiple strain levels (Figure
3.18) is shown in Figure 3.20. Figure 3.20a shows the stabilized cycle hysteresis loops
of the multi-level test and final cycles (stabilized or before failure) of the two samples
tested only at ±1% strain. The hysteresis loops of all three tests were comparable,
suggesting that for this multi-level cyclic strain-controlled test, the smaller strain
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ranges don’t affect the macroscopic stabilized hysteresis loop in the largest strain
range. It can be seen in Figure 3.20b that the peak stress reached during cycling
is the same value (760 MPa) in all three tests. However, the multi-level test with
loading history starts with a peak stress of 690 MPa when loaded to 1% strain in the
first cycle due to the cyclic hardening that occurred in the previous levels (Figure
3.18). It should be noted that the material reaches much larger stress levels (760
MPa) than those obtained in the strain-controlled monotonic tests at 1% strain (less
than 500 MPa) due to cyclic hardening.
a) b)
Figure 3.20: Comparison of strain-controlled test results of a sample tested at ±1% and a
sample tested at multiple-levels at 600oC .
Force-controlled cyclic test results at non-zero mean stress to characterize
cyclic inelastic behavior
Figure 3.21 shows results of the force-controlled cyclic tests from test #1, #3, and
#4 in Table 3.4. A representative cyclic stress-strain response of a sample tested
85
under a constant mean stress and three consecutively increasing stress amplitudes
(test #1a in light gray, 1b in dark gray, and 1c in black) is shown in Figure 3.21a. The
maximum stresses reached at each cycle for the 100 applied cycles at all three stress
amplitude levels (see test method schematic in Figure 3.15a) are given in Figure
3.21b as a function of the cycle number. Similarly, representative stress-strain and
peak-stress evolution results for sample #4 and sample #3 (at the largest stress
amplitude without loading history) are shown in Figures 3.21c-f. Line colors in these
figures indicate the loading level (e.g. 4a in light gray, 4b in dark gray, 4c in black
are the three stress amplitude levels applied on sample #4 (Table 3.4), as shown
schematically in Figure 3.15a.
For Figures 3.21 a, c, and e, at each stress amplitude level and during each cycle,
the sample yields in both tension and compression, resulting in hysteresis loops. The
loading levels were chosen in order to elicit this yielding and produce these hysteresis
loops. Figures 3.21b, d, f show that the maximum strains stabilize at all loading
levels for samples 1, 3, and 4. In fact, this was the case for all of the tests listed in
Table 3.4. This indicates that there is no net accumulation of plastic strain upon
cycling (no ratchetting), and the relevant cyclic plastic behavior observed in the tests
is deemed to be alternating plasticity.
In order to measure the severity of the cyclic plastic deformation (alternating
plasticity) in these force-controlled cyclic tests and determine loading levels and
inelastic responses that could be acceptable for design purposes, the evolution of
hysteresis loop widths (δ) are monitored. This is because they correlate directly
with the plastic work done per cycle (area within the hysteresis loop at each cycle)
[146]. A hysteresis loop width of a cycle is calculated as the difference between the
strain value obtained at the mean stress during loading and unloading of the cycle.
Larger δ values during cycling indicate alternating plasticity behavior is present
that could result in failure of the material. When δ decreases during cycling and
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a) b)
c) d)
e) f )
1a, 1b 1c
4c4a 4b
Figure 3.21: Representative results for force-controlled cyclic tests at multiple stress am-
plitudes. Sample and test numbers are labeled according to Table 3.4.
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approaches zero, the implication is that elastic behavior is being recovered, and the
material approaches a safe shakedown state.
Figure 3.22 shows the evolution of the hysteresis loop width results calculated at
the mean stress value for each cycle. In this figure, results from test #1a-c (solid
line, multi-level), test #2a-c (dashed line, repetition of test #1a-c multi-level), and
test #3a (dotted line, sample tested at the largest stress amplitude from test #2c,
but without loading history) are compared. The results show that during the loading
cycles, the width of the hysteresis loops decreases. The results from the separate tests
nearly coincide (solid, dashed, and dotted lines) with a maximum percent standard
deviation of 10%. Thus, it is suggested that the test is repeatable and the effect of
the loading history on the results is negligible (test 1a-c, 2a-c, 3a). Similarly, Figure
3.23 tracks δ for tests #1, 4-6 and #7, 10, 11, respectively. Tests with small absolute
mean stresses of 36 MPa (tests 4a, 5a, 6a, 10a, and 11a) have widths approaching
zero (values around 1× 10−5) that may effectively reach shakedown.
Figure 3.22: Evolution of the hysteresis loop width during cycling.
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The same δ analysis was done for the force-controlled cyclic tests listed in Table
3.4 to investigate the effect of the magnitude and sign of the mean stress on the
evolution of the hysteresis loop widths with cycling (indicating the achievement of
shakedown or alternating plasticity). Figure 3.23a compares the evolution of δ from
tests with a mean stress of 72 MPa (test #4a-c with solid line, #5a-c with dashed
line, and #6a-c with dotted line) with a sample tested under a mean stress of 36
MPa (test #1a-c, red crosses). It is observed that while a good agreement between
the tests #4-6 with the same mean stress (72 MPa) was achieved, the final δ values
were 2-3 times larger when the mean stress was smaller by half (36 MPa).
Similarly, Figure 3.23b shows the hysteresis loop evolution with cycles for sample
#10 (solid line), sample #11 (dashed line) and sample #7 (red crosses). The results
show that, similarly to the tensile mean stress cases, the test under a smaller com-
pressive mean stress by half (-36 MPa, sample #7) resulted in 2-3.5 times larger final
hysteresis loop widths. Note that the maximum absolute stress applied in these seven
tests was the same (554 MPa). This supports the idea that monitoring maximum
stress alone is not sufficient for design considerations. Instead, the cyclic inelastic
behavior, and in particular whether effective shakedown or alternating plasticity is
achieved, is determined by both the mean stress and stress amplitude. Furthermore,
comparison of the plots in Figures 3.23a and b shows that the evolution of hystere-
sis loop width is not affected by the sign of the mean stress. In this way, inelastic
shakedown design may be equally considered for cycling with tensile and compressive
mean stresses.
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a) b)
Figure 3.23: Effect of mean stress on the hysteresis loop width results.
While this is promising for inelastic design, DSA must also be considered and
because of the large plastic strains that DSA may cause, in order to capitolize on
shakedown, ways to suppress the DSA would be needed in order to reliably remain
below allowable plastic strains. Unexpectedly, the strain levels reached in the first
two levels overlapped for most of the multi-level force-controlled cyclic tests (an
example of this is shown in Figure 7a). Three distinct strain levels were visible only
for sample #4 (Figure 3.21c) and sample #8 (not shown). We believe that this is
due to the DSA behavior observed during the initial loading to the maximum stress
of each load level (a, b and c) in all of the cyclic tests (Figure 3.15a). In particular,
sudden jumps in strain are seen due to DSA, creating a stair-like behavior in the
plastic regime.
As there are large post-yielding strain rates generated by the DSA mechanism,
the strain value at the peak of the first cycle (at all load levels) varies greatly (even
among repeat tests). These sudden jumps result in large strain values (that are
otherwise not expected) at the maximum stress of the first levels (level a) of the
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tests, (Figure 3.15a). For instance, strain values of 0.3%, 1.4%, 1.5% and 1.6% were
observed at 489 MPa in tests 1a-6a in Table 3.4, while based on the monotonic tests
(Figure 3.17), a strain value of 0.3% was expected. It is surmised that as a sample
experiences large deformation in the first test level (level a) due to DSA, when loaded
to the second level (level b), the strain does not further increase noticeably, resulting
in the apparent overlapping of the hysteresis loops for the two levels. The stress
strain diagram in Figure 3.21e shows the results of test #3a (Table 3.4) where the
loading condition is identical to the test #1c but without any loading history. It is
seen from this figure that the DSA is active until the maximum load in the first cycle
is reached for test #3a. The maximum strain level is higher than test #1c although
the stresses are identical. This is again believed to be due to the DSA.
The experimental results in this chapter show that the cyclic inelastic behaviors of
stainless steel 316L and IN625 involve time- and rate-dependent effects and whether
the material shows shakedown response or not depends on the loading conditions (i.e.
stress amplitude and mean stress for uniaxial cyclic tests). As it is not possible to
perform cyclic tests at every loading combination, constitutive models are needed to
develop FE-based Bree load-interaction diagrams over broader ranges of load space.
With experimental validation, these FE-models could then be used to provide load-
interaction diagrams and shakedown limits for structures with greater geometric and
loading complexities. The following chapter gives an example of this to complement
and aide in interpretation of the experimental SS 316L results presented.
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Chapter 4
Finite Element Analysis for
Shakedown and Cyclic
Inelastic Behaviors
This chapter focuses on numerically determining shakedown limits and identifying
cyclic inelastic behaviors for the room-temperature SS 316L tests complicated by
the presence of creep in Chapter 3. Section 4.1.1 details the constitutive model
used in the numerical analysis. Parameter identification for the constitutive model
is presented in Section 4.1.2. Lastly, the numerical shakedown limits are compared
with the experimental results from Chapter 3.
4.1 Phenomenological models for cyclic inelastic
behavior
There has been considerable effort in developing phenomenological models to accu-
rately simulate the cyclic plastic deformation (including ratchetting) of metals under
uniaxial loading, but very few studies have addressed shakedown. At the same time,
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micromechanical models (such as crystal plasticity) have also been developed and
applied for cyclic plasticity analysis [147, 148]. However, as these approaches involve
many inter-dependent variables and they require significant computational effort,
they are beyond the scope of this dissertation. For SS 316L, many phenomeno-
logical models, considering isotropic and kinematic hardening combined with time-
dependent creep deformation, have been used to investigate ratchetting behavior
[83, 85, 86, 89–93, 97, 99, 149–153].
In contrast, most of the numerical shakedown studies in the literature use elastic-
perfectly plastic material behavior as it provides simplicity and a conservative analy-
sis. The more complex inelastic behaviors of metals in reality (including for example
cyclic and kinematic hardening) have been shown to improve the shakedown perfor-
mance of structures [154, 155]. Moreover, depending on material, temperature and
loading rates, additional deformation modes such as creep and dynamic strain aging
can be observed. This chapter presents an exploration of these behaviors and their
interactions with shakedown behavior in order to more accurately determine safe
inelastic loading limits of materials and structures. Based on results for SS 316L in
Chapter 3 Figure 3.8a,b), it is clear that there is some limit beyond which unstable
cyclic inelastic strain accumulation (dominated by creep) persists. We use a numer-
ical model to find this effective shakedown limit at ambient conditions for a broad
range of mean stresses and stress amplitudes.
Finite element analyses in this chapter were performed using the commercial
software Abaqus 2016 (SIMULIA, Providence, RI). A single 1D element was used
to simulate the uniaxial behavior with the constitutive relations explained below. Full
cyclic elastoplastic analyses were performed in a static step with the Abaqus/Standard
solver where nonlinear geometrical effects were neglected. This is a suitable assump-
tion as the axial strains observed experimentally in the cyclic force-controlled tests
in Chapter 3 were relatively small (below 2%).
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4.1.1 Constitutive Model
In order to determine shakedown limits in the presence of ambient creep, a simple con-
stitutive model for SS 316L that combines isotropic hardening with time-dependent
creep behavior is used. It should be noted that, for the stress levels used in the exper-
iments, we did not observe time-independent cyclic behaviors (alternating plasticity
or ratchetting). The onset of alternating plasticity (thin hysteresis loops) are visible
only at the largest amplitude tests at ambient conditions (Figure 3.8e). At larger
amplitudes than those considered in this study, the hysteresis loops are expected to
be larger which would require the use of combined isotropic/kinematic hardening
models.
The parameters describing isotropic hardening for the constitutive model in this
study can be obtained from the monotonic tests performed in strain control or from
the cyclic tests performed in force control. As the material is rate-dependent, the
responses under strain control and force control conditions may differ slightly as it
is difficult to obtain the same deformation rate (Figure 4.1). In Figure 4.1, the data
points for the force-controlled tests correspond to the stress and strain values at the
first stress peaks of the three stages of the cyclic tests in Figure 3.8a, c, and e. A
Ramberg-Osgood type stress-strain relation is used to describe the material behavior:
 =
σ
E
+ α
( σ
E
)( σ
σy
)(n−1)
, (4.1)
where α and n are the material parameters and σy is the 0.2% yield stress given
in Table 3.2. The parameters of the hardening model were determined based on
force-controlled cyclic tests (α = 0.9563, n = 8.4711) and are shown in Figure 4.1
(dashed black line for RO-force) to compare with the monotonic test results (solid
black line). The difference between the strain-controlled monotonic and other tests
becomes more significant in the large plastic strain region. At a large stress value,
94
force-controlled tests give smaller strain values compared to the monotonic test.
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Figure 4.1: Comparison of isotropic hardening of the material in monotonic and force-
controlled cyclic tests corresponding to Figure 3.8a (“small force”), Figure 3.8c (“medium
force”), and Figure 3.8e (“large force”). Superimposed is the numerical result (“RO-force”)
based on the Ramberg-Osgood type model (Eq. 4.1).
The other component of the constitutive model simulates the time-dependent
creep deformation. In order to combine the hardening and creep behaviors, material
models available in Abaqus are used. A strain hardening form of the creep power
law (based on the Norton-Bailey creep model) is used:
˙cr = (Aσn ((m+ 1) cr)m)
1
m+1 , (4.2)
where A, m and n are the creep model parameters to be calibrated using experimental
data, described next [72].
4.1.2 Creep model parameter identification
The parameters of the creep model (Eq. 4.2) are determined based on the experi-
mental data shown in Figure 3.13a. An optimization method based on a Levenberg-
Marquardt algorithm was used to identify the creep parameters as A = 3.023×10−28
MPa−1s−1, n = 9.417, m = −0.8036. Figure 4.2a shows the creep strains obtained
with the optimized parameters, and compares it with experimental results during
the multiple level creep test (Section 3.3.1, Figure 3.5). When combined with the
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material hardening, the numerical model agrees well with the experimental data as
shown in Figure 4.2b.
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Figure 4.2: Comparison of strains from numerical model and experimental results. a)
Creep-only numerical model, Eq. 4.1, and b) combined hardening and creep model, Eqs 4.1
and 4.2.
The combined numerical model with both hardening and creep (Eqs. 4.1 and 4.2)
is used in the following section to investigate the shakedown limit of the material,
below which a stable cyclic response is achieved.
4.2 Inelastic design diagrams
In order to determine the shakedown limit of the SS316 material under the room-
temperature uniaxial loading conditions from Section 3.3.1, a parametric analysis
using the numerical model described in Section 4.1.1 was performed. A series of
different mean stresses below the 5% cut-off limit line in Figure 3.7a and stress am-
plitudes below the largest experimental value (σamp/σ
o
y < 2.8, Section 3.3.1, Figure
3.7a) were probed. For each stress amplitude, 150 load cycles were repeated at in-
creasing mean stress levels with increments of 10 MPa. The resulting peak strains
during stress cycles were monitored to determine the limiting stress values above
which a continuous accumulation of plastic strain with cycling was observed. As
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explained in Section 3.3.2 for SS 316L, cyclic plastic strain accumulation was domi-
nated by creep deformation at ambient conditions. As creep occurs even at stresses
below the yield limit of the material, a threshold for the allowable strain (or strain
increment per cycle) has to be defined.
In a very limited number of studies on uniaxial cyclic tests on metals, criteria that
can be readily experimentally measured have been proposed to distinguish shakedown
behavior from inadmissible continuous plastic strain accumulation. Pelissier et al.
defined the shakedown criterion as a measured axial strain increment smaller than
0.1% between cycles 50 and 100 (i.e. 2 × 10−5/cycle) [74]. Similarly Ruggles and
Krempl considered the deformation of the material stable if a ratchetting strain per
cycle below 2 × 10−5 after 100 cycles is observed [149, 156]. Another approach for
shakedown determination is suggested by Wolters et al.. They proposed to use the
slope of the plastic strain increment against cycle number in a log-log plot. If the
slope approximated by a straight line fit to the log-log data is below -1, they assume
that the cyclic inelastic deformation stabilizes (shakedown). all of these criteria would
suggest that the behaviors we observed in the ambient force-controlled tests (Section
3.4.2) all reached shakedown, even though continuous accumulation of inelastic strain
is apparent.
It is not trivial to determine one shakedown criterion that is suitable for different
applications; a structure’s cyclic inelastic response depends on the material, loading
conditions, environmental effects etc. For this reason, in this section we compare
maximum allowable stresses based on two different criteria, (2 × 10−5/cycle and a
more conservative 2 × 10−6/cycle). An example of the determination of the shake-
down limit is demonstrated in Figure 4.3 for one stress amplitude level at ambient
conditions which corresponds to Figure 3.8. A parametric finite element analysis
was performed at a constant stress amplitude corresponding to σamp/σ
o
y = 0.67.
The analysis is repeated at increasing mean stress levels (240 - 320 MPa in incre-
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ments of 10 MPa) and the evolution of the maximum strain over N = 150 cycles at
each mean stress level is plotted in this figure (dashed lines). For comparison, peak
strains from the multi-level force-controlled cyclic test at the same stress magnitude
(σamp/σ
o
y = 0.67, Figure 3.8b) are shown in the figure (solid lines). Maximum allow-
able stress limits obtained from the numerical shakedown analysis are indicated on
Figure 4.3 by red arrows and listed in Table 4.1.
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Figure 4.3: Parametric numerical analysis results between mean stresses of σmean = 240−
320 MPa for shakedown determination (refer to Figure 3.8b for experimental lines).
Design standards for some applications that use stainless steel 316L enforce spe-
cific limits on the maximum accumulated inelastic strains in structures. For instance,
the ORNL nuclear standard gives maximum allowable strain limits at critical loca-
tions (strains extrapolated to the end-of-life of the structure as: 1.0% average through
the thickness, 2.0% at the surface due to an equivalent linear distribution of strain
through the thickness, and 5.0% at all locations) [2]. Hence it is also important to
examine the time or number of cycles that would create specific amounts of inelastic
strain when there is a continuous increase in the strain increment per cycle. Table
4.1 shows the number of cycles that would result in 1% and 2% inelastic strain at
the maximum allowable stresses based on the two shakedown criteria. The approach
for these calculations is conservative in that in order to find the # of cycles required
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to accumulate 1% and 2% strain, the strain increment after 150 cycles was assumed
constant (no further stabilization of creep deformation is assumed).
Table 4.1: Shakedown determination criteria for the design of structures under creep
effects.
Criterion
Max. Allowable
Stress [MPa]
# of cycles
to 1% strain
# of cycles
to 2% strain
∆
∆N
< 2× 10−5/cycle 370 ≈ 500 ≈ 1000
∆
∆N
< 2× 10−6/cycle 300 ≈ 5000 ≈ 10000
This procedure was also used to determine the shakedown limit at ambient con-
ditions within the loading space considered in Figure 3.7 based on the shakedown
criterion of ∆
∆N
< 2 × 10−6/cycle (shown in Figure 4.4 with blue squares). Stress
amplitudes above the largest experimental value (σamp/σ
o
y = 2.7) are not considered
and are grayed out in Figure 4.4. This is done because undesirable time-independent
cyclic plastic behaviors (ratchetting, alternating plasticity) are expected and the
numerical model used in this study is incapable of simulating these behaviors.
Stable Exp. Points
Unstable Exp. Points
Figure 4.4: Bree load interaction diagram showing the numerical shakedown (SD) limit of
the material at ambient conditions.
The load interaction diagram in Figure 4.4 reveals the benefit of considering
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shakedown behavior in the design process. At room temperature, the shakedown
limit doubles the feasible design space based on the linear elastic limit of the material
(Figure 4.4). Above the shakedown limit, the material response becomes inadmissible
due to unstable creep deformation.
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Chapter 5
Conclusions
In this dissertation, the shakedown behavior of metals and metallic structures sub-
jected to cyclic mechanical and thermomechanical loads has been explored analyt-
ically, numerically and experimentally. Specific case studies have leveraged shake-
down design to identify weight-savings, sizing guides, and durability benefits that
are relevant for aerospace and civil engineering applications. The key conclusions
follow.
For some thin-walled thermostructural components that are prone to thermal
buckling or have curvilinear shapes (combustor liners, rocket nozzles, stiffeners) this
dissertation was the first to establish beneficial interactions of geometric nonlinearity
induced by thermal buckling and cyclic elastoplastic shakedown both. In particular,
shakedown limits for built-in-beams that are uniformly heated and cooled while sub-
ject to constant distributed loads were analytically and numerically determined and
used to construct Bree load-interaction diagrams for design purposes. It was found
that considering shakedown behavior extended the design space by 2.5-4 times for
large aspect ratio beams.
This dissertation also provides the first experimental studies of uniaxial macro-
scopic shakedown for stainless steel 316L (at ambient and 600oC) and Inconel 625 (at
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600oC). The effects of creep and dynamic strain aging on the shakedown performance
were investigated for these materials.
It was found that for stainless steel 316L at ambient conditions, creep contributes
to the cyclic inelastic strain accumulation. Finite element analysis was used to assist
in determining shakedown limits in the presence of creep; shakedown occured at
maximum stress levels up to two times the linear elastic limit in this study. At
the elevated temperature of 600oC, dynamic strain aging was present and there was
negligible creep. At 600oC, shakedown occured at maximum stress levels up to 4
times the linear elastic limit. The identified behaviors for the testing programs at
ambient and 600oC were included in Bree load-interaction diagrams as design guides.
A Bree load-interaction diagram was also created for the uniaxial cycling of In-
conel 625 at 600oC, indicating the domains for shakedown or alternating plasticity
behavior (no cyclic accumulation of inelastic strain was found). At 600oC, shakedown
occured at maximum stress levels up to 1.4 times the linear elastic limit. However,
the uniaxial shakedown behavior was affected by both stress amplitude and mean
stress, indicating that maximum stress alone could not be used as a design criterion.
Future Work
Future work should focus on providing component-level testing and direct experi-
mental validation for the numerical case studies presented in Chapter 2. Auxetic
structures would be ideal candidates to leverage full-field measurements to identify
structural shakedown. The direct experimental validation of these case studies would
provide valuable insight regarding the practical implementation and incorporation
of shakedown considerations in the design process.
In addition, a better understanding of the micromechanical mechanisms respon-
sible for material and structural shakedown is needed. Studies at the micro, meso,
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and macro scales should be jointly considered to establish a multiscale methodology
for shakedown design. Such a framework could be used to direct the development
of materials to promote shakedown behavior. A key step in achieving this would be
the use of in-situ experimental techniques.
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Appendix A
Supplementary Analysis for
Shakedown of Beams
A.1 Small deformation plane strain analysis for
decoupled thermoelastic loading
The analysis for plane strain assumptions is identical to that presented in Section
2.1.1 if E/ (1− ν) is substituted for E. The corresponding elastic limit equation
from Section 2.1.1, Eqn. 2.2 for plane strain is:
PL2
t2
+
2Eα∆T
1− ν = 2σo, (A.1)
and the shakedown limit equation (similar to Eqn. 2.7 in Section 2.1.1) is:
PL2
t2
+
Eα∆T
1− ν = 2σo. (A.2)
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A.2 Plane stress and plane strain small deforma-
tion analysis of clamped and pinned beams
under decoupled thermomechanical loading
Integrating the equation that relates the pressure, P , and the beam deflection, u,
(d4u/dx4 = P/EI) and applying the boundary conditions for a pinned beam gives
the moment distribution:
M(x) = EI
d2u
dx2
=
P
8
(
4x2 − L2) , (A.3)
where I is the second moment of area of the beam cross-section about the neutral
axis. The resulting distribution of mechanical stress in the pinned beam is:
σxx(x, y) = −My
I
= −3Py
2t3
(
4x2 − L2) . (A.4)
The axial thermomechanical stress is:
σxx = −3Py
2t3
(
4x2 − L2)− Eα∆T. (A.5)
The critical cross-section of the pinned beam is at the middle, x = 0, where the
bending moment due to the mechanical loading is maximum (Figure 2.2). Moreover,
the pressure creates compressive stresses below the beam neutral axis and tensile
stresses above the neutral axis. Hence, the elastic limit is found upon thermal un-
loading by setting σxx(0,−t/2) = −σo, where both the thermal load and pressure
contributes to the compressive stresses. The elastic limit equation is then:
3PL2
4t2
+ Eα∆T = σo. (A.6)
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The potential residual stress, ρ¯ij, is the stress necessary to return the maximum
(absolute value) fictitious thermomechanical stress to the yield limit:
σxx(0,− t
2
) = −3PL
2
4t2
− Eα∆T + ρ¯ij = −σo, (A.7)
giving,
ρ¯ij =
3PL2
4t2
+ Eα∆T − σo. (A.8)
The shakedown limit load (the maximum allowable ∆T ) is determined by the case
where the residual stress field brings the point at y = t/2 to the yield limit in tension
upon thermally unloading. Upon thermally unloading, the stress distribution at the
critical location y = t/2 is:
σxx(0,
t
2
) =
3PL2
4t2
+ ρ¯ij, (A.9)
or substituting the residual stress from Eq. (A.8):
σxx(0,
t
2
) =
3PL2
4t2
+
3PL2
4t2
+ Eα∆T − σo. (A.10)
Again, to solve for the shakedown limit load, the stress at y = t/2 should just reach
yield in tension when thermally unloading, resulting in the shakedown limit equation:
3PL2
2t2
+ Eα∆T = 2σo. (A.11)
The plane strain solution for this end condition is identical with the plane stress
analysis in Eqs. (A.3)-(A.11) if E/ (1− ν) is substituted for E. The elastic limit
equation assuming plane strain for pinned beams is:
3PL2
4t2
+
Eα∆T
1− ν = σo. (A.12)
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and the shakedown limit equation assuming plane strain for pinned beams is:
3PL2
2t2
+
Eα∆T
1− ν = 2σo, (A.13)
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Appendix B
Analytic Thermoelastic Buckled
Beam Derivation
In the following, beams are described using a one-dimensional version of nonlinear
von Karman plate theory under plane stress conditions to develop a thermoelastic so-
lution similar to references [157, 158]. The corresponding assumptions are made such
that plane sections perpendicular to the neutral axis in the undeformed beam shape
will remain plane, rigid and perpendicular to the neutral axis after deformation. This
allows one to neglect displacements due to Poisson’s effect in the z-axis direction,
Figure 2.2b [159]. Note that the following assumes that the beam cross-section is
constant or varies smoothly, and the material is homogeneous and isotropic. Further-
more, it is assumed that the beam is slender enough to ignore transverse shear and
moderate rotations are allowed. With these assumptions, the total axial strain in
the beam (which is the only non-zero strain component resulting from the combined
thermomechanical loading) is calculated from the beam kinematics:
εxx(x, y) = u
′(x)− yw′′(x) + 1
2
(w′(x))2 − α∆T, (B.1)
where y denotes the distance from the beam neutral axis and the prime, ′, denotes a
130
derivative with respect to the x coordinate. The terms u(x) and w(x) represent the
axial displacement and the transverse displacement at the neutral axis, respectively.
The third (nonlinear) term accounts for moderate rotations, which can generate
significant stretching of the neutral axis when transverse displacements, w(x), are
comparable to the beam thickness [158]. The fourth thermal strain term (- α∆T ) is
introduced here as negative due to the type of loading and constraint provided by
the boundary conditions considered – clamped and pinned. Under uniform heating,
the boundary constraints resist thermal expansion, inducing compressive thermal
strains. The uniform heating from a reference temperature, To is represented by
∆T = T − T0. With the strain from Eq. (B.1), the axial stress at the neutral axis
(y = 0) can be found using Hooke’s Law:
σxx(x, y = 0) = E
(
u′(x) +
1
2
(w′(x))2 − α∆T
)
. (B.2)
Note that the stress at the neutral axis can be compressive or tensile depending on
the relative magnitude of the thermal strain. A variational approach is used to obtain
the transverse beam displacement. As a result, it is found that the derivative of the
stress at the neutral axis is zero, σ′(x, y = 0) = 0, hence it must be uniform along
the beam axis. In the following, this constant reference level for the axial stress at
the neutral axis is denoted by σna. The governing equation for the beam transverse
displacement, w(x), is:
w′′′′ + λ2w′′ =
12P
Et3
, (B.3)
where the eigenvalue, λ, is introduced:
λ =
√
−12σna
Et2
, or σna = −λ
2Et2
12
. (B.4)
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As increasing the temperature change (∆T ) will cause compressive axial stresses in
the beam, from this point on, all of the stresses given by σna (Eq. (B.4)) are assumed
to be compressive. With this governing fourth order differential equation and the
boundary conditions for the clamped beam, the resulting transverse displacement
solution for the beam is:
w(x) =
6P
λ3Et3
(
λx [x− L] + L cot
(
Lλ
2
)
[cos (λx)− 1] + L sin (λx)
)
. (B.5)
Note that the eigenvalue, λ, depends on the applied thermal (compressive) load and
the distributed pressure load. The eigenvalue can be found using the constraint that
the axial displacement at the fixed ends of the beam must be zero. Enforcing zero
displacement with Eq. (B.1) at x = L yields:
u(x = L) = L
(σna
E
+ α∆T
)
− 1
2
∫ L
0
[w′(x)]2 dx = 0. (B.6)
Taking the derivative of the transverse displacement Eq. (B.5) and substituting it
into Eq. (B.6), results in the following implicit equation for the eigenvalue λ:
L
(
12P
Et3
)2
csc
(
λL
2
)2
[4 (λ2L2 − 6)− (λ2L2 − 24) cos (λL) + 9λL sin (λL)]
48λ6
= L
(
α∆T − t
2λ2
12
)
. (B.7)
The eigenvalue that satisfies Eq. (B.7) can be found for a given ∆T and P and used
in Eq. (B.5) to find the transverse displacement. Substituting Eqs. (B.5) and (B.6)
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in Eq. (B.1) gives the axial stress of the beam:
σ(x, y) =
−λ2Et2
12
− 6yP
λ2t3
(
2− Lλ cot
(
Lλ
2
)
cos (λx)− Lλ sin (λx)
)
. (B.8)
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